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STANDARDIZATION  OF  TAKJC-OFF  PFRIORI'ANCE 
MEASaP.affiN'rS  for  AIRVUN,iS 


3U::^\HY; 

Foniulae  are  derived  by  which  take-off  perforauance  measureiuents  m^hy  bo 
standardized.  Ttiese  foraulae  are  easy  to  use  and  they  apply,  with  s'-dtable 
numerical  constants,  to  airpLanes  with  any  typ-'e  of  pTopulsive  systerr.,  inclaci- 
in^  Liixed  types  and  types  using  pirt-time  assistance  or  boost. 


Numerical  constants  are  proponed  for  use  with  these  formulae.  LbC; crimental 
data  available  support  these  conatantn,  but  are  insufficient  to  c.ieck  them 
completely. 


iOTATi'-N: 


Symbol 


d 

D 


D 

F 

J 


h 


J 


Def  ..nitiott 

w/j  ■ ' 


Propeller  diameter 

Total  resistance  at  Speed  V (aerodynamic  drag 
4-  roiling  drag) 

Value  of  D at  sjieed  V 


Total  thrust  <at  speed  V 
Tot-il  thraot  at  speed  V 
Static  thrurt 


Jet  thrust  of  turbo  yjropeller  engine  at  speed  V 
Propeller  thrust  at  speed  V 
A TO  thrust 

Kean  effective  A TO  thrust 

Thrust  of_basic  y^ower  plants  (without  ATO) 
at  speed  V 


Heij'ht  of  airplane  above  runway 


(V^O  - Vj)  /2g 
V/.nd 


Reproduced  From 
Best  Available  Copy 


1 


Technical  Note  R-12 


Symbol 

n 


N 

P 

P, 

Q 


Definition 
Propeller  speed 
Engine  spaed 

Power  input  to  propeller 
Ambient  air  pressure 
Torque  input  to  propeller 


(H  F’/Pj^ 

Sg  Distance  from  take-off  to  50  feet 

3g  Length  of  ground  roll 

S~  Ground  roll  with  headwind 

S Ground  roll  corrected  to  zero  wind 


go 

ta 


g 


7 

7c 

V 

w 

w 


'50 


Time  in  air  phase 

Time  of  ATO  operation  in  air  phase 
Time  of  ATO  operation  in  ground  phase 
True  ground  speed 
Value  of  V at  take-off 
Value  of  V at  50  feet 

Mean  speed  during  phase  (ground  ro]J.  or  air  phase) 
Airplane  gross  weight 
Headwind 


Angle  of  steady  climb 

Ambient  air  pressuro/standard  oea  level  pressure 
Air  temperature  °K/288 

Air  density/standard  sea  level  air  density 


c|)  Slope  of  runway  (positive  for  uphill) 

Subscripts  "s"  and  "t"  refer  to  standard  and  test  conditions  respectively.  The 
prefix  A indicates  the  correction  required  to  bring  the  test  value  of  the  param- 
eter to  standard. 
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INTRODUCTION: 

lo  In  the  presently  used  method  of  standardizing  the  take-off  performance 
of  piston  engined  airplanes  it  is  assumed  that  the  excess  of  thrust  poi-/er  over 
drag  power  on  or  near  the  ground  is  equal  to  (or  at  least  proportional  to) 
that  in  the  air.  Also,  it  is  assumed  that  during  the  air  phase  of  the  take-off 
this  excess  thrust  power  is  used  only  to  raise  the  airplane  to  50  feet,  the 
usual  increase  in  kinetic  energy  beti'/een  the  takeoff  and  50  feet  being  neglected, 
With  increases  in  loading  and  in  take-off  speeds,  both  of  these  assumptions  have 
become  untenable. 


^ t)  O VC 


I revised  method 
a 3 3 Limpt  ions  • TI 


is  developed  in  this  report 
ic  method  13  readily  applied 


which  does  not  require 
to  airplanes  with  propeller, 


Jet  or  mixed  propulsion  systems. 


FACTUAL  DATA: 


2„  Basic  Relations: 


2«1  RoLl : The  equation  of  motion  for  take-off  from  a level 

runway  in  zero  wind  may  he  written: 


where 


Sg 


D 

F 

S 

Sg 

t 

V 

Vt 


d s 


w 


/ fix 

rlt  / A t- 

5- 

V./  V/ 


dV 


(2-1) 


i) 


Total  resistance,  including  tire  friction 
Total  net  thrust 

Distance  from  start  of  rin  to  speed  V 

Distance  to  unstick 

Time 

True  speed 

True  speed  at  unstick 


(Corrections  for  wind  and  runway  slope  are  considered  later.) 


To  adjust  the  observed  performance  to  standard  corditions  we  wish  to  knov; 
how  Sg  will  vary  vdth  air  temperature  and  pressui'c,  airplane  gross  weight  and  net 
thiMst.  To  do  so  directly  from  equation  (2-1),  would  usually  be  tedious.  For- 
tunately, for  purposes  of  performance  reduction  it  is  permissible  (and  customary') 
to  approximate  and. to  v/ork  vdth  a "mean  excess  thrust",  v;hich  would,  If  applied 
throughout  the  run,  give  the  same  ground  roll.  To  reach  a speed  Vj  in  a distance 
Sg  with  a constant  acceleration  would  require  an  Acceleration  of  V>j-^/2  Sg.  The 
mean  excess  tiirust  is  therefore  given  by: 
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A 

mean  excess  thrust  h W^2g  Sg 


(2-2) 


The  actual  excess  thrust  changes  steadily  as  the  speed  increases,  so  the  mean 

+ Hr*nio'4'  uri  1 1 Hp  4-/^  +-Vir»  or*4*iinT  n 4-  t-i  r\rvi/-»  r->  ^ ^ TT  T? 

i k ^ ^ v-t  ‘ t-«*  »•  « Vy »_» ua(AVAw*u  t*  v_/  o OU  y»  XilOil  1 

and  D are  the  thrust  and  total  resistance  at  V - IT 


g - 


W 


v2 
V *]» 


(2-3) 


F - D 


It  is  showh  in  Appendix  I,  that  a close  approximation  to  (F  - D)  is  obtained  by 
assuming  that: 

V - 0.75 

With  this  assumption,  the  affect  on  take-off  ground  roll  of  changes  in  test 
conditions _may  deduced  from  equation  (2-3)  and  the  associated  changes 

in  W,  Vj,  F and  D. 

2.2  Air  Phase:  Tiie  equation  of  motion  for  the  air  phase  with  zero  wind 

may  be  written: 


•"a  - 


cl  > 


) r(t  / -M- 


U 1. 


(2-A) 


vrtiere 


Now 

where 

also 


a - 


dt 


Distance  from  unstick  point 
Distance  from  unstick  to  50  feet 
Time 

Total  energy  of  the  airplane  relative  to  its 
energy  at  the  start  of  the  ground  roll 


E = W (h  / vf_) 

h - height  above  start  of  ground  roll 


r V (F-D) 


vV 


(2-5) 


(2-6) 


Substituting  from  (2-6)  into  (2-4) 

( vd  1 

Sa  " j(F-X))V  ■■  J F - 3) 

As  vdth  the  ground  roll,  we  may  approximate,  vn'iting 

F ^ p r 

where  F,  D are  mean  values  of  F and  D and  { y''  v;jA. . 

It  is  not  possible,  in  this  case,  to  bo  very  prociso  about  Uic  cotxlillony  under 


(2-7) 


(2-d) 
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■which  the  actual  thruat  and  drag  will  be  equal  ^ the_niean  values.  However, 
the  speed  range  is  not  great  and  its  effect  on  F and  D will  be  slight.  It 
will  be  assumed  that  F and  D are  equal  to  the  values  of  F and  D at  the  speed 
attained  at  50  feet  (iii  the  classical  take-off  with  a climb  away  at  constant 
speed,  this  is  the  steady  climb  speed)  and  a height  of  25  feet.  It  is  of 
interest  that  on  large  airplanes  the  ground  effect  may  persist  fairly  strongly 
even  at  50  feet.  However,  this  need  only  be  considered  in  setting  up  the 
method.  It  need  not  usually  be  considered  in  its  routine  application. 


3.  Speed  at  50  Feet  Altitude: 

It  is  clear  frotn  equation  {2S)  that  the  effect  on  air  distance  of  any 
parameter  such  as  air  density  will  be  strongly  influenced  by  any  change  of  h^  with 
that  parameter.  Let  us  examine  the  relation  between  take-off  speed  and  the  speed 
at  50  feeto 


If  the  airplane  leaves  the  groimd  at  the  maximum  safe  lift  coefficient 
it  has  at  that  instant  insufficient  lift  available  to  change  the  direction  of 
flight.  It  will,  however,  continue  to  accelerate  and  as  it  does  so,  the  available 
lift  will  increase  and  enable  the  airplane  Lo  change  its  direction  of  flight,  say 
to  that  at  which  it  can  climb  at  constant  forward  speedo  However,  unless  the 
remainder  of  the  climb  to  50  feet  is  a zoom  with  speed  decreasing,  seme  of  this 
speed  increase  will  necessarily  remain  at  50  feet.  If  the  unstick  is  delayed  to  a 
speed  higher  than  the  minimum  the  airplane  can  be  brought  up  into  the  climb  more 
sharply,  and  the  speed  change  lessened,  but  even  then  a fairly  drastic  maneuver 
would  be  necessary  to  bring  the  speed  at  50  feet  back  to  the  unstick  speed.  Such  a 
maneuver  would  be  unusual  except  with  ligiit  and  docile  airplanes. 

Present  take-off  speeds  for  high  performance  airplanes  are  high  enough 
that  this  change  in  kinetic  energy  between  unstick  and  50  feet  is  between 
and  70%  of  the  total  energy  increase,  only  30%  to  k0%  being  used  to  increase 
altitude.  It  is,  therefore,  necessary  to  decide  how  great  the  increase  in 
kinetic  energy  is  and  how  it  varies  with  test  conditions. 

As  a matter  of  interest,  and  to  fix  ideas, let  us  first  consider  the 
type  of  take-off  in  which  unstick  and  transition  are  at  constant  lift  coefficient 
and  the  remainder  (if  any)  of  the  climb  to  50  feet  is  a straight  climb  at  constant 
speed.  It  is  shown  in  Appendix  III  from  an  approxirJite  analysis  that  in  such  a 
case: 


V50  z Vt  (1  / JL.)  (3-1) 

1 i 

where  is  the  angle  of  steady  climb  at  the  eventual  steady  climb  speed 
The  total  horizontal  distance  is  ^overed  then  (Appendix  III) 

Sa  = ^ (3-2) 

Kc  2g 

If,  as  happens  when  the  ratio  of  thrust  to  weight  is  large,  the  curved  part  of 
the  flighit  path  is  not  completed  at  50  feet,  a more  complicated  relation  gives 
the  speed  of  50  feet.  Tlio  value  of  h^  /hy  / 50  given  by  this  type  of  take-off 
is  shown  b,  the  full  c'xrve  of  Figure  lA.  The  straight  portion  refers  to  these 
cases  for  which  the  transition  is  complete  before  50  feet,  the  curved  portion  to 
those  for  which  the  airplane  is  still  on  a curved  path  at  50  feet.  The  chain 
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dashed  line  is  an  empirical  adaptation  of  the  theoryj derived  by  the  British 
around  1940  and  applied  to  take-offs  for  wliich  tiie  aim  was  to  achieve  "the 
minimum  distance  compatible  with  safety".  As  an  ilJ ustration,  the  ratio  of 
the  speed  at  5u  feet  to  the  speed  at  take-off,  has  been  computed  from  a number 
of  test  take-offs  aixi  is  plotted  in  Figure  2 against  the  available  angle  of 
climb  (ioe„  the  excess  of  thnist  over  drag,  divided  by  the  gross  weight) „ It 
will  be  seen  that  the  trend  to  more  increase  in  speed  between  take-off  and 
50  feet  at  higher  values  of  is  present,  not  only  for  the  points  as  a whole, 
but  also  for  most  of  the  individual  airplanes.  However,  no  definite  trend  is 
apparent  for  medium  propeller  airplane  No.  2.  In  the  case  of  the  airplane  with 
fixed  pitch  propeller,  most  of  the  take-offs  were  ended  by  zoom  climbs  to  50  feet, 
and  a subsequent  reduction  of  the  attitude  to  that  for  a steady  climb,  to  achieve 
the  minimum  distance.  Ouch  a maneuver  could  hardly  be  considered  practical 
except  on  airplanes  of  that  class  w'ith  a gentle  stall.  The  two  take-offs  by  that 
airplane  using  a more  normal  technique  tend  to  agree  with  the  other  airplanes. 

The  data  as  a whole,  tend  to  follow  the  British  empirical  relation. 


If  the  British  relation  between  V^q/V  and  ){c  were  accepted  instead  of 
the  presently  used  assumption  of  constant  lift  coefficients  at  take-off  and  at 
50  feet  it  would  imarkedly  reduce  the  effect  of  changes  in  thrust,  density,  or 
weight,  on  the  length  of  the  air  phase.  For  example,  if  the  standard  value  of 
were  90^  of  the  test  value  due  to  thrust  changes,  the  standard  speed  in- 
crease between  take-off  and  50  feet  v/ould  thereby  be  reduced  to  90,^  of  the  test 
value.  For  an  h^  of  100  feet,  this  would  result  In  a change  in  air  distance  to 
(equation  2-S): 


J) 

= 1 

0„9 


X s, 

50  / 


50  / 100 


r 1.04 


whereas  the  assumption  of  consta.nt  lift  coefficients  at  taxe-off  and  at  50  feet 
would  give 


t S, 


0.9 


.11  S 


a. 


The  present  'writer  has  the  opinion  that  the  British  empirical  relation  was 
a good  assumption  when  it  i-jas  made,  and  that  the  basic  trend  idiich  it  represents 
still  exists.  There  are  a number  of  factors,  however,  of  increasing  importance, 
which  tend  to  reduce  its  present  sui  taMlity , The  older  tail  wheel  type  of 
landing  gear  never  forced  a delayed  take-off,  whereas  tricycle  landing  gears 
sometimes  do  so  and  "bicycle"  landing  gears  leave  the  pilot  little  control  over 
unstick  speed.  Also,  with  modern  airplanes  operating  from  good  runways,  it  is 
likely  to  be  economic  to  delay  unstick  and'  use  the  excess  speed  to  achieve  a 
sharper  transition  and  a shorter  air  path,  because  the  drag  on  the  ground  vdll 
often  be  lower  than  that  in  the  air.  ivith  bicycle  landing  gear  in  particular, 
it  would  seem  reasonable  to  trim  before  take-off  for  a desired  climb  lift  co- 
efficient. The  airplane  would  then  'unstick  when  aerodynamic  forces  v>rere  sufficient 
either  to  lift  the  .airplane  in  the  ground  attitude  or  to  pitch  it  to  a greater 
attitude  sufficient  to  lift  it.  Cases  such  as  these,  taken  wit);  the  increasing 
need  to  rely  on  the  airspeed  indicator,  rather  than  the  "feel"  of  the  airplane  as 
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data  by  v.hich  to  judge  how  to  take  off,  siiggest  that  ah  assumption  that  the 
lift  coefficients  at  50  feet,  and  at  unstick,  are  constant  during  the  reduction 
process,  is  probably  the  most  reasonable  to  use,.  It  enables  the  quoted  take- 
off performpnee  at  a given  gross  weight,  to  be  associ.-itsd  v/ith  a specific  speed 
at  50  feet,  which  will  be  independent  of  air  pressure  and  ten])erature  „ This 
assumption  will,  therefore,  be  adopted  for  tiiis  Report. 

Performance  Reduction  F-guations: 


4ol  Ground  Roll;  Using  equation  (2-3)  we  may  consider  the  effect  on 
Sg  of  moderate  changes  in  air  density,  thrust,  and  airplane  gross  weight,.  This 
may  be  done  by  using  the  equation  directly  or  by  differentiating  it  with  respect 
to  our  variables.  Let  us  first  consider  direct  use  of  the  equation.  It  is  shown 
in  Appendix  II  that  if  unstick  is  at  constant  Cj^ 


v/^  \ w v;’  V v/,^ 


F 


1 


(4-1) 


where  subscripts  "t"  and  "s"  refer  to  test  and  standard  condition,?  respectively. 
This  fom  is  intended  primarily  for  m/ichine  computing  of  the  corrected  take-off 


performance  of  jet  propelled  airplanes.  It  requires  evaluation  of  the  test  and 
standard  thrust,  which  presents  no  great  difficulty  with  the  jet  airplane  but 
could  be  inconvenient  with  a prof^eller  driven  airplane.  It  would  be  a little 
clumsy  for  desk  computing,  but  it  has  the  advantage  of  being  more  accurate  for 
large  corrections  than  a differential  meth_od.  As  F varies  only  slowly  with  air- 
speed, it  is  usually  sufficient  to  write  F = 0.94  x Fq,  the  static  thnist. 
Alternatively,  we  may  differentiate  equation  (?-3)  with  respect  to  our  variables. 
Assuming  again  that  take-off  is  at  constant  C-^,  we  have  7^  proportional  to  '^ / (JT 
and  hence 

j 


S od 
g 


w 


(4-2) 


This  being  so,  it  is  shovm  in  Appendix  II  that 


As 


S. 

'«t 


A W 
V.4 


u?  -V  r 


D 


„ Ai;  fi-.--!-  ^ 

a! 


(4-3) 


where  the  terms  in  plW  and  Acr' give  the  effect  of  W and  cd  on  S at  constant 
F„  Changes  in  W and  o'  will  also,  in  general,  affeeJ^Sg  by  changing  F,  but  any 
such  effects  will  be  accounted  for  in  estimating  A F.  *If  weight  corrections  are 
small,  it  would  be  convenient  and  legitimate  to  substitute  V»g  for  above. 


This  relation  is  general,  being  independent  of  the  particular  method  of 
propulsion.  It  is  quite  convenient  to  use,  if,  as  seems  likely,  generalized 
values  of  d/(F-D)  can  be  used.  This  and  the  estimation  ofAF/F^for  propeller 
driven  airplanes  are  considered  later. 


An  alternative  form  of  equation  (4-3),  derived  in  Appendix  II  is 


I 


+- 


a 

\-  - “ 


(4-3a) 
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This  form  would  be  a little  more  accurate  for  large  corrections,  being  equiva- 
lent to  a step  by  step  application  of  equation  (4-2). 


4„2  Air  riiase:  For  jet  airplanes  when  mechanized  computing  : a weed, 

or  possibly  when  the  departure  of  test  conditions  from  standard  is  rather  large, 
it  is  profitable  to  use  a relation  similar  to  equation  (4-1).  It  is  shown  in 
Appendix  II,  that  if  the  lift  coefficients  at  unstick  and  at  50  feet  are  un- 
ciienged  during  the  reduction  process,  we  may  write 


W».  t 


(A-4) 


where  is  t'ne  distance  covered  between  unstick  r-ind  50  feet,  and,  again, 
subscripts  "t”  and  "s"  refer  to  test  and  standard  conciitions  respectively. 


For  propeller  driven  airplanes,  and  in  general  for  desk  computing,  when  the 
differences  between  test  and  standarri  conditions  are  jiot  too  large,  it  is  again 
more  convenient  to  work  with  an  eq\iation  derived  by  differentiating  the  basic 
relation.  It  is  shown  in  Appendix  II  that: 


A W ( 1 / D / ( 

-wT  I icr  h77^  j 

Af  ( 1 / d I 

TT  1 ■ rrp  i 

j *‘v  ' (4-5) 

j h^‘A  50  j 

Again,  as  ivith  emation  (2_-o),  ti;e  terri:s  Ln  /\  W and  Ar'give  the  change  of 
with  W and  T at  constant  F;  any  effect  of  ciianges  of  W or  T'  on  F must  be 
included  in  A F.  As  with  the  ground  roll  case,  t!ie  relation  is  general,  being 
independent  of  the  met'nod  of  propulsion  used.  The  r^latimn  is  quite  easy  to 
apply,  provided  that  AF/F^;,  and  the  values  of  h and  D/(F-D)  are  readily  estimated. 
These  matters  are  considered  later. 


AS, 


H 


2-3),  as 

(2-6) 

n 

1 

3 - / 

' Vvs  \ 

“ - ( 
^t 

. Vr  ] 

\ ■^  s / 


F 


(A-5a) 


This  form,  like  equation  (2-6a),  is  a little  more  acc'ii'ate  for  large  corrections. 


5.  Ratio  of  Kean  Drag  to  Mean  Excess  Thrust: 

If,  in  either  the  ground  or  air  phase,  F is  readily  estin'ated,  then  the 
ratio  of  drag  to  excess  thrust  required  to  apply  equation  (u-3)  and  (4-5),  may  be 
deduced  from  the  relations 
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D 

F'  - 1 

(5-1) 

" 

and 

F - D 

_ too  ^ 

g 

/ c o \ 

or 

F - D 

= w (h^  / 50^5^ 

for  the  ground  roll  or  air  phase  respectively. 

This  is  what,  in  effect,  is  done  in  deriving  equations  (4-1)  and  (4-4).  However, 
nanml  computing  would  be  greatly  simplified  by  assuming  generalized  values  for 
D/(F  - for  ground  and  air  phases.  This  seems  bo  be  practicable.  Table  I 
below,  lists  estiniated  values  of  this  ratio  for  a number  of  airplanes,  _based 
on  values  of  (F~  - W)/Vi  comput^  from  test  data  and  estimated  values  of  D/w 
(for  propeller  airplanes)  or  F/w  (jet  airplanes).  (An  exception  is  the  heavy 
propeller  airplane,  for  which  the  values  are  based  on  the  firm's  estimates  of 
performance . ) 

TAl^LE  I 


Ratio  of  Drag  to  Elxcess  Thrust 


Airplane  Type 

Ground  Roll 

Air  Phase 

Light,  fixed  pitch  (Zero  Flap) 

■ 

0„2 

0.3 

▼ 

Light,  fixed  pitch  (50°  Flap) 

0.5 

0.8 

Light,  constant  spread  (15°  Flap) 

0„2 

0.5 

Light,  constant  speed 

0.3 

0.5 

Heavy,  propeller 

r 

0„2 

0.6 

Medium,  propeller 

0.3 

0.6 

Medium,  Jet* 

0.5 

1.2  Approx. 

Medium,  Jet 

o„3 

0.9  Approx, 

Fighter,  Jet 

0.3 

0.9 

* Take-off  accelerations  very  poor  for  the 

class  of  airplane. 

It  should  be  remarked  that  the  estimates  for  the  air  phase  are  rather 
roxigh,  because  the  experimental  values  of  (F  - D)  were  usually  very  erratic. 
This  is  a common  feature  of  take-off  data,  which  very  probably  results  from 
inaccui’acies  in  the  measurement  of  the  airplane  speeds  at  take-off  and  at  50 
feet.  This  difficulty  is,  of  course,  an  argument  against  the  direct  use  of 
experLmental  speeds  (as  in  equation  (4-4),  where  they  are  used  to  calculate 
hy) . 


On  the  basis  of  Table  I,  it  is  ssiggested  that  values  of  0.3  for  the  ground 
run  and  0.6  for  the  air  phase  be  used.  These  would  appear  to  be  representative 
values  except  when  the  acceler^ition  is  very  poor,  (say  less  than  0.1  g during 
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the  groiind  run)  when  almost  any  correction  method  is  liable  to  give  results. 

In  such  cases,  particular  care  should  be  taken  either  to  rxin  the  tests  under 
conditions  as  near  as  possible  to  standard,  or  to  test  under  a range  of  con- 
ditions wide  enough  to  give  a check  of  the  reduction  formulae. 

6.  Ratio  of  Kinetic  to  Total  Energy  Increase  on  Climb; 

To  apply  equation  (4-5) » it  would  also  be  very  convenient  to  have 
generalized  vadues  for  hy/(h^  / 50),  that  is,  the  ratio  of  the  kinetic  to  the 
total  energy  increase  on  the  climb. 

In  Figure  lA  experimental  values  of  h^/Ch^  / 50)  are  plotted  for  a wide 
range  of  types  of  airplane.  It  will  be  seen,  as  experience  of  take-offs  would 
have  suggested,  that  the  scatter  is  very  large.  It  should  be  noted  that  it  was 
difficult  to  raise  the  nose  wheel  of  the  jet  fighter  in  certain  configurations. 

The  effect  of  this  is  illustrated  in  Figure  IB  which  presents  records  of  two 
take-offs  of  this  airplane  made  at  approximately  the  same  gross  weight.  In  the 
one  case,  the  unstick  speed  was  slow,  and  the  transition  long,  persisting  almost 
to  50  feet.  This,  in  fact,  agrees  well  with  the  theory  outlined  above.  In  the 
second  case,  the  unstick  speed  was  much  higher,  the  transition  brief,  and  the  climb- 
away  quite  steep.  These  are  typical  of  what  happens  with  early  unstick  and  late 
unstick,  respectively.  It  would  seem,  for  a given  speed  at  50  feet, that  the 
latter  may  well  become  the  more  normal,  and  probably,  the  more  economical  type 
of  maneuver. 

Equation  (4-4)  implies  that  hy^  is  computed  from  the  test  data.  This  is 
probably  the  most  satisfactory  method  if  precision  is  desired,  despite  the 
difficulty  of  measuring  Vx  and  V^q  accurately,  h'owever,  if  desired,  a rather 
rough  estimate  of  h^  could  be  made  from  generalized  data.  Similarly,  when  using 
equation  (4-5),  computation  of  the  test  value  of  h^  is  probably  desirable  from  the 
point  of  view  of  accuracy.  Tlie  weight  error  correction  is  usually  small,  so  the 
decision  will  be  determined  mainly  by  the  size  of  the  term  b.a'/cr^  . For  example, 
if  test  conditions  were  2000  feet  pressure  altitude  and  35°C  and  standard  condi- 
tions were  sea  level  15  C would  be  0.13.  An  error  of  0.3  in  the  value 

assumed  for  50  would  then  lead  to  an  error  of  4^  in  the  corrected  air 

distance.  If  this  order  of  accuracy  is  suffid^ent  for  correction  over  so  large 
3 range,  as  it  may  well  be  in  many  cases,  then  manual  computation  of  the  correct- 
ion could  be  simplified  by  assuming,  say 

Nr  - 0.4  for  light  airplanes 

ivTlo" 

- 0.7  for  other  airplanes 

iV  / 50 

The  figure  of  0„7  is  a little  on  tlie  high  side  for  present  airplanes  and  allows 
for  some  future  increase  in  ratio.  V>hen  machine  computing  is  used  the  simplifi- 
cation has  little  va].ue. 

7o  Thrust  Correction: 

7.1  General;  Tlie  above  equations  give  the  corrections  to  be  added  to 
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the  test  distances  in  terras  of  the  corrections  required  to  bring  the  test 
weight,  air  density,  and  thrust  to  standard „ These  equations  are  independent 

of  the  particular  method  of  propulsion  and  can  be  applied  to  airplanes  having 
propeller,  turbojet,  rocket  or  mixed  propulsion  systems  provided  all  of  the 
systems  operate  throughout  the  take-off.  Assistance  which  operates  during 
only  part  of  the  take-off  is  considered  separatelj’^  later  in  the  report. 

7.2  Jet  Propulsion;  Estiiriation  of  test  and  standard  thrusts  for  a 
jet  airplane  is  fairly  straight  forward  and  little  general  comment  can  usefully 
be  made„ 

Rocket  thrust  does  not  vary  with  speed  d'oring  take-off  and  the  thrust  of 
the  turbojet  engine  does  not  vary  rapidly.  Consequently,  it  is  unnecessary 
to  correct  the  test  thrust  for  the  clianges  in  mean  speed  between  test  and 
standard  conditions.  Vi'ith  the  turbojet  engines,  however,  it  is  desirable  to 
estimate  the  test  and  standard  thrusts  at  approximately  the  right  speeds.  It 
is  best  to  base  these  estimates  on  a measured  test  tiirust  and  an  estimated 
correction,  but  failing  this,  the  mean  thrusts  may  be  assumed  to  be,  say^94^ 
of  static  thrust  if  the  air  intake  pressure  losses  under  static  conditions 
are  not  large.  However,  some  care  is  necessary;  for  example  use  of  an  intake 
designed  for  very  high  speed  may  result  in  a thrust  which  is  relatively  poor 
under  static  conditions  but  recovys  during  take-off  as  the  velocity  ratio 
(inlet  speed/free  air  speed)  becomes  smaller.  The  engineer  must  use  his  dis- 
cretion in  such  cases. 


7.3  Fixed  Pitch  Propellers:  Fixed  pitch  propellers  are  presently 

found  only  on  very  light  low  speed  airplanes  with  unsupercharged  engines.  For 
such  airplanes  it  is  proposed  to  approximate  the  reaction  of  the  propeller  to 

change  in  operating  conditions  by  assiiming  that: 

f 

a.  The  torque  coefficient  is  imchanged  between  test  and 
standard  conditions 


b.  The  thrust  coefficientc^  varies  linearly  with  advance  diameter 
ratio  J,  the  slope  being  such  that  becomes  zero  at  take- 
4ff  rpm  at  an  airspeed  equal  to  five  times  the  take-off  speed 


vdiere 


T 

J 


y * 

tox^que/  p n d 
thrust/  / '■<  d 


V/-Tid 


n = propeller  rotational  speed 


d - propeller  diameter 

The  engine  may  be  at  maximum  permissible  speed  or  at  full  throttle.  In  the  first 
case,  reduction  will  be  at  constant  engine  speed  ard  we  will  have 


thrust  cr  c,j, 

— in  / *^^T 


(7-1) 


F 
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It  is  shown  in  Appendix  IV  that  with  the  above  assumptions  we  may  then  write: 

AT  - 1.1  A^r  _ Ool  Aw 

^t  wt  (7-2) 


In  the  second  case,  of  the  full  throttle  engine,  we  must  also  make  assumptions 
aboxit  the  variation  of  available  torque  with  air  pressure  and  air  temperature. 
It  is  proposed  to  assiane  that 


torque  available  a<.  a 
With  this  assumption,  as  C^^is  to  be  constant. 


Y\ 


•'O 


that  is. 


'n 


a 


V/e  then  have  (Appendix  IV) 


AF  _ 

-V-  C-4-  - 

AT^ 

(7-3) 

F 

cr 

t 

V M , 

AN  __  1 

at; 

(7-4) 

7.4  Constant  Speed  Propellers:  It  is  shown  in  Appendix  IV  that 

change  of  propeller  thrust  between  twst  and  standard  conditions  may  be  written, 
in  the  absence  of  compressibilitjr  effects  on  efficiency: 


-A  r 


A P 

+ 

T 


A. 


0; 


f\ 


(7-5) 


^ W 

t ■ i ’ V 

where  A , , A^,  and  A^  are  propeller  functions.  Generalized  curves  for  these 

functioHs  in  terms  of  propeller  efficiency  and  advance  diameter  ratio  J are 
given  in  Figure  3»  To  use  the  figure  an  approximate  estimate  of  would  be  made 
by  comparing  the  p»wer  input  to  the  propellers  with  the  thrust  power  as  given 
by  the  observed  acceleration  or  climb  and  the  estimated  drag. 


Precise  values  of  these  functions  are  not  required,  it  being  sufficient  to 
estimate  them  within  0,1  or  0.2.  Further  generalization  is,  therefore,  attractive. 
To  study  this  the  positions  representing  the  mean  conditions  during  the  ground  roll 
and  the  air  phase  have  been  estimated  and  mapped  on  the  diagrams,  (These  points 
are  not,  of  course,  experimental  data.  They  merely  indicate  the  position  of  the 
particular  case  on  the  diagram).  From  inspection  of  these  points  it  is  tentatively 
proposed  to  assume  that 
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Ap  = 0.7 

A = 0.5 

Ajj  n /Oo  5 

“ —0.2 

These  numbers  are  tentative  only,  and  should  be  checked  from  time  to  time. 
In  case  of  doubt,  however,  one  may  revert  to  the  curves.  Corrections  for 
engine  speed  will  usually  be  very  small,  so  a relatively  large  error  in  Ajj 
may  be  tolerated. 


7 . 5 Mixed  Systems.  Including  ATQ  and  Turbo  Propellers;  libced 
propulsion  systems  are  quite  straight  forward  to  deal  with  when  all  components 
are  operating  throughout  the  take-dff  and  climb-away.  However,  one  must  know 
what  proportion  of  the  total  mean  thnist  is  contributed  by  each  group.  For 
example,  suppose  that  an  airplane  had  both  propellers  and  turbojet  engines] 
then  we  may  write 


where 


jV['  _ I-  * ,'  ^ A V f Q, 

F r ' r,  r 

F^.  ; thrust  from  jet  engines 

~ = thrust  from  propellers 

F z r,. 


and  may  be  estimated  as  in  the  preceding  section. 


(7-6) 


The  turbo  propeller  engine,  of  course,  is  usually  mixed  installation  from 
this  aspect,  as  there  is  usually  a small  but  appreciable  residual  jet  thrust, 
counting  to  about  10^  of  the  total.  However,  experience  may  show  that  in  this 
case  it  may  be  accurate  to  assume  that  the  jet  and  propeller  thrust  are  in  con- 
stant proportion,  so  that 


A A F, 
8.  Preliminary  Corrections; 


(7-7) 


8„1  Correction  of  Ground  Roll  For  Wind: 
for  wind  is  presently  made  by  the  formula 


Correction  of  the  ground  roll 


(i 


+- 


V, 


where 


^o  - 


s - 

w - 


- ''r 

ground  roll  in  zero  wind 

ground  roil  with  wind 

head  wind 


(8-1) 
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r true  test  ground  speed  at  unstick,  with  headwind 

The  exponent  is  usually  taken  to  be  1,85  or  1,9.  This  formula  was  derived 

empirically  many  years  ago,  so  it  seemed  desirable  to  re-examine  it.  The 
above  ratio  has  therefore  been  computed  over  a range  oftJ-/V,p  assuming 

(a)  Acceleration  decreasing  linear !;’■  ^vith  airspeed 
to: 

(1)  &0%  of  its  initial  value 

(2)  40Sb  of  its  initial  value 

(b)  Acceleration  decreasing  linearly  with  airspeed 
squared  to: 

(1)  S0%  of  its  initial  value 

(2)  40^  of  its  initial  value 

Tlie  figures  of  80^  and  k0%  are  representative  of  jet  and  propeller  airplanes 
respectively.  The  ratio  so  computed  is  plotted  in  Figure  4,  together  with 
that  given  by  the  empirical  equation.  The  curves  for  assumption  (a)  and  (b) 
were  indistinguishable  over  the  range  shown. 

It  will  be  seen  that  the  cases  differ  little  up  to  veiry  high  wind  speeds, 
and  also  that  the  empirical  formula  agrees  excellently.  As  its  form  is  very 
convenient  it  is,  therefore,  proposed  to  retain  it, 

8.2  Correction  of  Air  Phase  for  Wind:  The  test  air  distance  is 

presently  corrected  for  wind  by  adding  the  drift,  i.e.,  the  product  of  the 
headwind  and  the  time  in  the  air  phase.  This  correction  is  exact  (apart  fr<»i 
wind  gradients)  and  will  be  retained. 

• m 

8.3  Correction  for  Runway  Slope:  An  uphill  slope  sin  <p  will  decrease 

the  excess  thrust  available  for  accelerating  the  airplane  by  W sin  (p  . 


Following  the  method  of  section  2,2,  working  with  a mean  excess  thrust,  we 
have  equation  (2-2). 

Test  mean  excess  thrust  - -Z it. 


2g  S 


gt 


(8-2) 


Hence,  on  a level  runway  at  the  test  weight,  air  temperature  and  air  pressure 


w 

Mean  excess  thrust  = t*^  Tt 


2g  S 


/ sin  ^ 


(8-3) 


2t 


The  corresponding  ground  roll,  to  reach  the  take-off  speed  If  , will  ther<?fore 
be : / 2 

Vrt:  /|  vy^  Vrt-  . , / 'll 


S 


(8-4) 
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Thus,  correction  for  runway  slope  is  made  by  dividing  the  test  distance  by 
2gS 

(1  / ^ sin^),  where  sin ^ is  the  uphill  slope. 


8„4  Correction  to  Constant  If  the  lift,  coefficients  at  ttute-off 

and  at  50  feet  are  widely  scattered,  it  may  occasionally  be  desirable  to  correct 
the  corre sending  distances  to  selected  values  of  the  lift  coefficients. 


(2-3) 


Ground  Roll:  The  ba.sic  oquation  for  the  ground  roll  is  equation 


2 

Vt 

vt  1 


(3-5) 


As  the  lift  coefficient  at  ta!<e-off  is  proportional  to  VJ/Vf  correction  is 
primarily  by  multipli’-ing  the  test  value  of  Sg,  after  correction  fo>'  ..Ind  and 
runv/ay  slope,  by  the  ratio 


iVith  jet  airplanes,  the  mean  thrust  will  be  sensibly'  unaltered,  bith  propeller 
airplanes,  however,  the  change  of  speed  will  also  alter  the  thrust.  From  equa- 
tion (A-4-7)  of  Apper.di:<  TJ  ve  have 


0 


Dut  we  are  proposing  to  assume,  section  7.4,  that 


A' y'  = —0  O 2 

where  from  Appendix  TV  equation  (A-4-10) 


k = i / i ^ _ I ) 
2 I,  7 Di  ' ^ 


^'®*  "^5^  - 1 = - 0„4 

The  change  in  S which  results  from  the  change  in  thrust  is  given  in  ecuatior  (4-3) 
by  ^ 


— = -/l  / D ) A F 

V T?  j 


i.  So  with  the  assumption  of  section  5 that 


__D 

F - D 


= 0.3 
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we  have 


- - lo3  (-0.4) 


«t 


0.52  ^ 


'Tt 


- 0 


approxiJnately 


as  V is  proportional  to  V,p. 


The  ccxnplete  correction  of  the  ground  roll  to  constant  take-off  lift  coefficient 
is  therefore  given  for  propeller  airplanes  by 


's  - 


V. 


V 


= 1/1.3 


and  for  jet  airplanes  by 
_£s  -(It 


w It 

Ml 

CM 


+ 0‘  3i 


M) 


A 


f 

C w 


approximately  (8-6) 


\Vi 


W It 


(8-7) 


For  mixed  propiolsive  systems  which  include  propellers  A F must  be  evaluated 

t 

/ v;  ■ 


separately.  Then 
S 


= 1/ 


r 

W 


A P 


equation  (2-8) 


Air  Distance:  Tlie  basic  equation  for  the  air  distance  is 


= W (50  / hv) 

rir~ 


The  primary  correction  to  constant  lift  coefficients  is  made  by  allowing  for 
the  change  in  h^.  We  have 

hy  - V^C  - in  consistent  units 

~ 2g 


The  most  straightforward  attack  is  to  compute  h„  ^nd  h using  the  relations 

'’t  “s 


16 


Technical  Note  R-12 


2 


Then  for  jet  airplanes  no  thrust  correction  is  required  and  we  have 


50  / 

50  / 

t 


(8-8) 


With 
By  a 

^50 


propeller  airplanes,  the  thrust  must  be  corrected,  as  for  the  ground  roll„ 
similar  analysis,  we  have,  since  we  are  taking  as  mean  spe'd,  the  speed 
at  50  feet  (Section  2,2) „ 


So  -t  J 

S'O  4-  I 


(8-9) 


Again,  for  mixed  propulsive  systems  using  propellers  ^ F 
separately  and  substituted  in  the  eqxiation 

A 


8 _ 


"’a. 


So  t 
So  -f 


s\. 

t:_  \ I 


--/irr 

Vw  /» 


ht 


must  be  evaluated 


/■d 


A F 


] 


(8-10) 


Where  the  factor  1,6  is  the  value  proposed  in  section  5 for/l  / D_ 

V F - 


Part  Time  JATO;  Correction  of  take-offs  in  which  ATO  is  used  for 
part  time,  which  is  examined  in  the  next  section,  is  inherently  complicated  by  the 
fixed  endurance  characteristic  of  the  usual  rockets.  As  correction  to  constant 
lift  coefficient  is  rarely  needed  anyhow,  it  is  not  considered  desirable  to  treat 
this  case  here.  If  desired,  any  particular  case  can  be  dealt  with  by  an  adaptation 
of  the  above  analysis  and  that  of  the  next  section, 

9«  Part-Tirr.e  Assistance  to  Take-Off; 


As  has  already  been  remarked,  rocket  assistance  over  the  vdiole  of  the 
take-off  is  no  different  in  principle  from  any  other  method  of  providing  the  re- 
quired thrust.  Many  ATO  units  are,  however,  of  limited  endurance  and  are  operated 
only  over  the  last  part  of  the  take-off,  when  their  assistance  is  most  helpful.  It 
is  this  "part-time"  feature  of  ATO  which  necessitates  a separate  treatment. 

To  make  use  of  earlier  analysis  it  is  desirable  to  convert  the  actual  thrust 
Fd  of  the  Aiu  into  ar  effective  mean  thrust  Fj^.  It  is  shown  in  Appendix  7 that 
this  may  be  approximated  satisfactorily  by  means  of  the  equation 
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■R 


(9-1) 


where 


Sjj  - distance  covered  with  ATO  operating 
S - total  distance  covered  during  the  phase 
Consideration  will  be  given  to  standardization  to  two  cases  only; 

a.  ATO  stops  as  airplane  passes  50  foot  screen 

b.  ATO  stops  as  airplane  takes  off 

(a)  will  be  the  more  usual  case,  but  (b)  may  be  needed  for  the  case  of  a short 

r\xnway  with  no  obstructions  ahead  of  it. 

Consider  first  the  air  phase.  The  ATO  units  will  probably  be  fired  too 
early  or  too  late  to  burn  out  at  exactly  the  desired  point,  so  correction  must 
be  made.  The  test  mean  thrust  is  deduced  by  inserting  test  values  of  Fj^,  Sj^, 
and  S in  equation  (9-1)  above.  The  standard  mean  thrust  is  also  easily  deduced, 
as  the  ratio  Sr/S  will  be  equal  to  unity  in  case  (a),  and  zero  in  case  (b). 
Standardization  is  then  effected  by  substituting  these  mean  thrusts  in  equation 
(4-5). 


Now  consider  the  ground  phase.  Again,  the  test  mean  thrust  is  readily 
evaluated  using  equation  (9-1).  The  point  at  which  the  ATO  is  fired  under 
standard  conditions,  must,  however,  be  adjusted  to  make  it  burn  out  at  50  feet 
or  at  unstick,  as  desired.  To  do  this,  we  first  estimate  the  firing  tiii.e  under 
standard  conditions  during  the  air  phase.  In  case  (b)  this  is,  of  course,  zero. 
In  case  (a)  we  may  approximate  it  by  the  equation 


viien 


'R 


■a. 


- 2 


/ V^n.)  (9-2) 

JATO  tine  in  air  phase  under  standard  conditions. 


a„  - 


Vt  - 
^8  - 

"50,= 


standard  air  distance 
standard  take-off  speed 
standard  speed  at  50  feet 


If  now,  the  time  for  which  the  ATO  was  operating  in  the  air  phase  during  the 
test  was  tj^g^  , we  must  correct  the  test  time  of  ATO  operation  in  the  ground 
phase  by  adding  to  it 


(The  thrust  and  endurance  of  the  ATO  units  may  be  assumed  equal  under  test  and 
standard  conditions.)  Allowing  for  this,  it  is  shov/n  in  Appendix  V that  equation 
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(4-3)  inay  be  adapted  to  give  the  form 


vrtiere 


Sgt 


(R 


j^a-3  + 


d-Z  1 AW 


on  1 Acr- 

- i n J cc 


1-^ 

(R  ~ m 


1'3  + 


At 


St 


(■7  ? 

<f<~  m ] 


F - total  mean  effective  thrust 


(9-4) 


Fpj  - effective  mean  test  ATO  thrust 

A F,  - correction  to  mean  thrust  of  basic 
b — 

propulsion  systems 


test  time  of  ATO  operation  during  ground 
•phase 


This  correction  process  is  qxrite  a little  more  complicated  than  that  for  take- 
off without  part  time  assistance,  but  the  complication  is  not  too  formidable. 
It  would  seem  inevitable  at  the  present  time. 


10,  Combined  Formulae  for  Propeller  Airplanes; 

For  airplanes  using  propeller  thrust  only  for  take-off  it  may  be  con- 
venient to  substitute  from  the  proposed  generalized  thrust  equations  (7-^  or 
C7-3)  and  (7-5)  into  equations  (4-1)  and  (4-5A 

Recapitulating  and  inserting  the  proposed  values  of  h^,  D/(F  - D)  and 
so  on,  we  have 


*t 

As^ 


- 2.3 


r 2.3 


- 2„0 


AW 

W. 


AW 

Wj, 


AV 


W. 


Also,  for  fixed  pitch  propellers 

A 
t-A 

Ft 


— = 1,1 


Act" 


hC 


A F 


AF 


for  all  except  light  airplanes. 


— C '4-  ■ ^ - — /'  u 


AF 

for  light  airplanes. 


(10-1) 


(10-2) 


(10-3) 


— r\ 


AW 

W-t: 


at  constant  engine  speed 
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Af  - 1.1^^  - c.| 

X 


Wt* 


at  full  throttle 


while  for  constant  speed  propellers 

AT  = 0.7  + 0.? 

T ‘'t 

-e 

Substituting,  as  appropriate,  we  have: 

Light  airplanes  with  fixed  pitch  propellers 
At  constant  engine  speed 


AV 

W^. 


A s 


^ - 2.4  4t- 

Wt 


and 


«t 

A S 


a - 2.2 


AW 

W+- 


-?-V 


- Q’2 


A<r 

n 


AX 


at  full  throttle 
A S 


g = 2.4 


"g* 


2.2 


AV/ 

AW 


Ax 

a. 4 -V 


+ O'^- 


_ATa 


- a-2 


Ao- 


0-6 


AXa 


Light  airplanes  with  constant  speed  propellers 


AS 

-2.6^  - 
W(. 

1 Aa-" 

Ah/ 

# 

s 

% 

AS 

a 

- 2.3'^-’^' 

0.9: 

"a. 

cp.'l 


AT> 


AP 


Heavy  airplanes  with  constant  speed  propellers 

2.6^-  »7 
s.  " 


g4 


"t 


^^a  - 2.6  - IT  ^ 


S„ 


V., 


N,. 


^ 

- 0'l~— 


O.g  _ 


AT 


t 


Large  Corrections; 

If  rather  large  corrections  are  involved  ( |AL|>0,2  S.^.)  it  may 
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(10-5) 

(10-6) 

(10-7) 

(10-8) 

(10-9) 

(10-10) 

(10-11) 

(10-12) 

(10-13) 

(10-14) 
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preferable,  again,  to  use  the  exponential,  form  similar  to  equations  (/+-3a) 
and  (4-5a),  For  example,  instead  of  equation  (10-13)  one  would  use  the 
alternative  equation 


(10-I3a) 


11 o Non-Dimensional  Methods; 


"Non-dimensional"  methods  of  performance  reduction  are  in  general  use 
for  reducing  level  speed  performance  tests  on  turbojet  airplanes  to  standard  con- 
ditions. Consideration  of  their  use  for  take-off  reduction  is  in  hand  as  a sep- 
arate project,  but  a brief  general  discussion  would  be  of  value  here. 


Making  assumptions  similar  to  those  used  above,  of  constant  lift  coefficient 
at  iinstick  and  at  50  feet  it  can  be  shown  that 


-S 


F 


r 

h 


(11-1) 


where 


S - distance  to  unstick  or  to  clear  a screen  of  height 


(50/0) feet. 

F - total  net  thrust 
W - airplane  gross  weight 
5 - (air  temperature  °K)/288 

^ - air  pressure,  atmospheres 


With  the  simple  turbojet  airplane  we  can  substitute  for  F/S  in  terms  of 
if  desired,  and  write 


(11-2) 


Thus,  if  the  ground  roll  and  distance  to  (50/6)  feet  were  measured  at  the  stan- 
dard values  of  (N//0)  and  (W(/£)  the  standard  values  of  ground  roll  and  distance 
to  50  feet  could  be  very  readily  deduced.  Alternatively,  these  standard  values 
could  be  deduced  by  interpolation  from  tests  made  over  suitable  ranges  of  N and 


W.  _ 

With  propeller  airplanes  also,  substitution  for  F/S  is  permissible  since  with  a 
propeller  at  given  Mach  number 


F/S:: 


I 


A/ 

re 


(n-3) 


The  mean  Mach  number  of  each  phase  is  unchanged  by  test  conditions  if  the  lift 
coefficients  and  W'/S  are  held  constant,  so  we  may  substitute  fran  (11-3)  into 
(ll-l)  and  write 


(11-4) 
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Hence,  the  standard  tests  could  be  deduced  directly  from  tests  at  the  desired 
values  of  the  above  three  variables,  or  by  interpolation.  To  be  able  to  do 
this  one  must  be  able  to  vary  irxlepondently  of  N//dl  This  can  be  done  with 
the  usual  piston  engine  installation  with  constant  speed  propeller  but  will  be 
impossible  with  some  turbo-propeller  installations  with  single  coordinated 
engine  controls. 

It  should  be  noted  that  in  the  above  it  is  assumed  that  the  lift  coefficient 
at  height  50/0  feet  is  unchanged  in  test  conditions,  whereas  in  the  earlier  treat- 
ment in  this  Report  the  lift  coefficient  at  height  of  50  feet  is  assumed  constant. 
However,  these  assumptions  will  usually  be  identical. 

It  is  not  proposed  to  prejudice  conclusions  of  another  project  by  extended 
discussion  here,  but  certain  preliminary  conclusions  are  readily  drawn.  Firstly, 
the  method  is  very  attractive  if  it  is  in  fact  practicable  to  make  tests  at  the 
desired  standard  values  of  the  independent  variables,  as  the  reduction  process 
then  amounts  only  to  dividing  the  test  ground  roll  and  distance  to  (50/0)  feet 
by  the  test  value  of  0 . Secondly,  if  precise  control  of  any  one  of  the  variables 
to  the  desired  standard  values  is  not  practicable,  tests  must  be  made  over  a range 
of  that  variable  to  permit  interpolation.  The  poor  repeatability  of  take-off  tests 
may  make  it  uneconomical  to  do  this,  at  least  if  tests  are  to  be  made  over  a range 
of  two  or  more  variables,  unless  final  data  are  also  required  over  a range  of 
variablfg,  for  example,  of  weight,  pressure,  altitude,  and  air  temperature.  When 
tests  and  reduced  data  are  both  required  over  a wide  range  of  conditions,  however, 
the  technique  again  appears  very  attractive. 

12.  Verification  of  Formulae; 


The  redaction  formulae  have  been  checked: 

ao  Against  tests  over  a wide  range  of  pressure  and  weight,  on  a 
light  airplane  with  fixed  pitch  propeller. 

' b.  Against  tests  over  a wide  range  of  weight  on  a medivun 

propeller  driven  airplane. 

c.  Against  tests  over  a wide  range  of  weight  and  a range  of 
power  and  air  temperature  on  a heavy  propeller  bomber. 

d.  Against  tests  over  a very  wide  range  of  air  temperature, 
air  pressure,  and  a moderate  range  of  weight  on  two  jet 
fighters . 

« 

e.  Against  design  firm's  predictions  over  a wide  range  of  weight, 
air  temperature  and  air  pressure  for  a medium  jet  banber. 

Light  Fixed  Pitch  Airplane;  Take-offs  were  measured  on  this  airplane 
from  a runway  at  Edwards  and  from  sod  near  sea  level.  The  test  air  temper- 
atures were  "very  close  to  standard,  so  the  data  give  no  check  of  that  conrection. 
They  do,  however,  indicate  the  suitability  of  the  pressure  and  weight  corrections. 

Corrections  for  pressiu'e  were  made  using  formulae  produced  for  the  particu- 
lar airplane  before  the  generalized  equations  (10-7)  thru  (10-10)  were  available. 


22 


Technical  Note  R-12 


The  relations  assumed  were  for  20°  flap. 


with  2.4  and  2.2  in  the  general  equations, 
as  they  correspond  to  about  1%  of  the 
air  distance  (3  ft).  The  distance  to  50 
feet  so  corrected,  is  plotted  against  gross  weight  in  Figure  5 for  concrete 
and  sod  runway.  It  will  be  seen  that  the  distance  to  reach  50  feet  from  the 
concrete  runway  is,  after  correction  to  sea  level,  about  20-30  feet  less  than 
that  from  the  sod  runway.  This  difference,  about  10%  of  the  ground  roll,  is 
roughly  what  would  be  expected  from  the  difference  in  runway  surface.  Thus, 
the  data  indicate  that  the  proposed  reduction  formulae  are  not  seriously  in 
error  as  far  as  pressure  corrections  are  concerned. 

To  check  the  weight  correction,  a plot  has  also  been  made  in  Figure  5 
of  logqo“50  3ig^ii^st  logiQV/.  The  proposed  relations  for  ground  and  air  distances 
would  correspond  to  a slope  of  2.3  for  the  total  distance  to  50  feet.  This  also 
is  plotted  in  the  Figure  5*  It  will  be  seen  that  the  proposed  slope  agrees  sat- 
isfactorily, particularly  as  test  weights  on  siich  airplanes  differ  little  from 
standard,  and  hence,  no  great  degree  of  precision  is  required  of  the  correction. 

Medium  Propeller  Airplane;  The  tests  on  this  airplane  covered  a wide  range 
of  weight,  100,000  to  160,000  lbs.,  but  insufficient  range  of  other  parameters 
to  give  a satisfactory  check  of  the  reduction  formulae.  The  test  data  have  been 
corrected  to  a selected  power  and  to  standard  air  temperate  and  air  pressure.  The 
corrected  distance  is  plotted  against  gross  weight  in  Figures  6A  and  6B,  again  on 
a logaritiimic  scale.  To  reduce  scatter,  the  ground  rolls  have  been  corrected  to 
a mean  lift  coefficient.  The  slopes  given  by  the  generalized  equations  are  drawn 
inj  it  will  be  seen  that  the  proposed  slopes  agree  witl;  the  test  data  within  the 
errors  of  the  data. 

Heavy  Propeller  Airplane;  Tests  on  the  Model  \ and  Model  B of  this  type 
each  covered  a wide  range  of  weight.  Taken  together,  (the  airplanes  being  very 
similar)  they  also  covered  a considerable  range  of  air  temperature  and  power. 

The  ground  rolls  and  the  air  distances  have  been  corrected  to  constant 
lift  coefficients  at  take-off  and  at  50  feet,  to  15°C.  sea  level  and  3000BHP/ 
engine.  They  are  plotted  against  weight  using  a logarithmic  scale  in  Figure  7A. 

The  slope  corresponding  to  the  proposed  correction  has  been  drawn  in.  la  will 
be  seen  that  the  proposed  slope  fits  the  experimental  data  very  well.  There  is 
no  difference  apparent  between  the  two  models.  T'ne  distances  have  been  further 
corrected  for  w' eight,  using  the  proposed  correction,  andjare  plotted  against 
power  and  air  density  in  Figure  7B„  It  will  be  seen  that  the  ground  roll 
corrections  appear  to  bring  the  test  data  together  well  within  the  experimental 
scatter.  The  evidence  for  the  air  phase  is  less  satisfactory,  but  does  not  disprove 
the  proposed  corrections. 
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Jet  Fi^-:hter  Ko.  1;  The  tests  on  this  airplane  were  designed  to  investigate 
t)iG  effects  of  air  tempcratui’e  and  pressure,  and  airplane  gross  weight  on  take- 
off performance.  They  covered  a range  of  6000  ft  in  pressure  altitude,  20°C 
in  air  tempera tiu'e,  and  20^  in  gross  weight. 

From  static  thrust  measurements  It  appeared  that  over  the  take-off  range 
of  conditions 
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(12-1) 
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where 


d - P /standard  sea  level  sir  pressure 


But  from  equations  (10-1)  and  (10-2) 
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also, 

hence 

i.e. , 
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and,  hence,  approximately. 


A<r 

^ ' 


A-Ta 


(12-5) 


Substituting  from  (12-2)  and  (12-5)  into  (12-3)  and  regrouping  the  terms,  we 
have 


A S 
S. 


- 2.3  Ay;  -2.3-^^/  2.7  ^ Ta 


'St  t 

Similarly,  for  the  air  distance 

A s 


a - 2o3  AK  - 2.3  AS  / 2.3  Ta 


(12-6) 


(12-7) 


Wt 


•’t 


If  we  multiply  each  side  of  (12-6)  and  (12-7)  by  S and  S respectively, 
we  have,  for  tlie  total  distance  cf  50  feet  S^q  r / 6^^,  approximating 
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: S5.  /^  - / 2„7  s 

^ ''^t  M. 


'50t 


ATa 


a nnroximately 


7 ATa 


(12-a) 


Inte^^ratlng  equations  (12-6)  ajxl  (12-6)  we  have. 


T„  % constant 

^t 

(12-9) 

- 2.3  ^ 2»7 

T^  / constant 
t 

(12-10) 

In  figures  8A  and  SE  log  Sg^  and  log  ^50^  plotted  against  log 


tor  eacn 


combination  of  V/  and  ^ , and  lines  are  drawn  through  the  experimental  points  with 
a slope  of  2.7.  It  will  then  be  seen  that  these  linos  agree  well  with  the  exper- 
imental points. 


Accepting  this  relation  between  distance  and  air  temperature  the  test  dis- 
tances liave  been  corrected  for  temperat-ore,  Tlie  logarithm  of  the  distances  so 
corrected  are  plotted  against  log  Vi'/6  in  Figure  8C,  It  will  be  seen  these  points 
also  agree  well  with  the  predicted  slopes. 

Thus,  the  teste  on  this  airplane  agree  very  well  with  the  proposed  reduction 
eciu.ti  ons. 


Jet  Fighter  fio.  2:  The  tests  on  this  airplane  were  designed,  as  were 

those  on  Jet  Fi  ;hter  No.  1,  to  determine  the  take-off  performance  over  a wide 
range  of  air  temperature  and  pressure  and  a moderate  range  of  weight. 

Tne  equations  for  the  ground  roll  and  air  distance  were  deduced  as  for 
Jet  Figl'.ter  i-o,  1.  They  were 

log  5„  z 2.3  log  V.'f,  / 3.26  log  T=  / constant  (12-11) 

St 

and 

log  Sa  = 2.3  log  t / 3okB  log  T^  / constant  (12-12) 

t Tl  \ 

As  the  air  distance  is  only  about  20%  of  the  total,  we  may  deduce  as  the  relation 
for  the  total  distance  to  50  feet 

log  = 2.3  log  / 3.3  log  T,  / constant  (12-13) 

^ 

As  with  the  previous  example,  logn^  and  have  first  been  ulotted 
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against  log^Q  T (°K)  for  the  experimental  data  for  each  value  of  W and  ^ 


to  check  the  proposed  temperature  correction  (Figures  9A  and  9B) , and  curves 
vd.th  the  predicted  slopes  have  been  drawn  through  the  groups  of  points.  It 
will  be  seen  that  the  proposed  correction  is  satisfactory,  although  the  data 
suggests  that  it  may  be  a little  too  large. 


The  values  of  log^^Q  Sg  and  ^5^t  these  curves  for  22°C 

(log  Ta^  = 2okl)  have  been  cross-plotted  against  log-j^Q  (W/<^  ) in  Figure  9C.  Here 

it  will  be  seen  that  the  data  for  the  two  gross  weights  fit  together  well,  but 
that  the  experimental  slope  is  no  greater  than  2.0  and  markedly  less  than  the 
predicted  slope  of  2,3.  So  low  a slope  for  ground  roll  is  hard  to  explain 
if  it  is  accepted  that  all  take-offs  were  made  at  indicated  speeds  130  mph  and 
120  mph  at  the  high  and  low  gross  weights  respectively,  as  a slope  of  2.0  would 
only  be  expected  if  there  were  no  drag.  However,  in  the  absence  of  measured 
take-off  speeds,  further  investigation  is  not  possible.  This  apparent  error 
of  15^  in  prediction  would  lead  to  an  error  in  the  corrected  distances  of  Iji  for 
every  1000  feet  difference  between  test  and  standard  altitudes.  This  would  ap- 
pear tolerable.  Later  tests  on  another  model,  not  reproduced  here  because  the 
results  were  much  more  scattered,  also  tended  to  support  a slope  against  log 
W/S  of  2,0  or  less. 


Medium  Jet  Bomber;  This  case  has  been  approached  differently,  using 
the  Operating  Manual.  Accepting  the  figures  given  by  the  performance  charts 
for  the  grovind  roll  under  one  set  of  conditions,  the  proposed  reduction  form- 
ulae have  been  used  to  compute  the  performance  under  widely  different  condi- 
tions. This  computed  performance  has  then  been  canpwired  with  that  given  by 
the  charts.  The  results  were  as  follows: 


a.  Correcting  from  6lj6  of  maximum  gross  weight.  Sea  Level, 

60°F  to  maximum  gross  weight,  6000  ft.,  33®F  :- 
computed  distance  ■ 0,96  x chart  distance 

b„  Corrections  from  83^  3000  ft.,  120°F  to  83^ 

3000  ft.,  0°F  !- 

computed  distance  r 1»01  x chart  distance 

c.  Corrections  from  83?  Sea  Level, 60°F  to  83?  W 

6000  ft„,  60®F 

computed  distance  - 0,97  x chart  distance 
Here  also,  the  agreement  is  fairly  good, 

12,  Acknowledgements: 

Equations  (L-1)  and  (4-4)  were  originated  by  Captain  Paul  E,  Shoe- 
macher.  The  theoretical  treatment  of  the  speed  increase  on  the  climb  to  50 
feet  and  the  empirical  modiffcation  of  the  results,  discussed  in  paragraph  3, 
and  illustrated  in  Figures  lA  and  2,  were  the  work  of  ?,  A.  Hufton,  then  of 
the  Royal  Aircraft  Establishment,  Famborough,  England. 

DISCUSSION; 


The  proposed  reduction  fomiilae  are  summarized  in  Appendix  VII o 
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The  basic  foraxilae  can  be  used,  with  suitable  numerical  constants,  for 
any  propulsive  system,  including  mixed  systems,  and  systems  using  part  time 
assistance  or  boost.  The  A)rmulae  should  be  easy  to  apply,  with  the  possible 
exception  of  that  for  part-time  assistance;  even  then,  the  complication  is  not 
great. 

For  turbo-jet  airplanes,  the  formulae  check  satisfactorily  with  experimental 
data  over  wide  ranges  of  all  parameters.  For  one  airplane,  the  experimental  rate 
of  variation  of  take-off  distance  with  weight  and  air  pressure  was  15^  less  than 
that  predicted,  corresponding  to  an  error  of  1^  in  corrected  distance  for  every 
lOOO  feet  difference  between  test  and  staixlard  pressure  altitudes » However, 
this  error  is  considered  tolerable.  Also,  the  experimental  value  is  open  to 
attack  on  theoretical  grounds  and  was  not  supported  by  measuranent  of  take-off 
speeds. 

For  fixed  pitch  propeller  airplanes,  the  corrections  for  weight  and  air 
pressure  check  satisfactorily  with  experiment . No  data  were  available  by 
vdiich  to  check  the  temperature  corrections. 

For  airplanes  with  constant  speed  propellers,  the  weight  corrections  check 
well  with  experiment  over  a wide  range  of  teot  v;eight.  The  power  and  density 
corrections  could  not  be  fully  checked  with  the  data  available,  but  they  were 
shown  to  at  least  approximate  the  correct  values. 

It  should  be  noted  that  these  formulae  should  not  be  used  to  correct  for 
big  dirferencea  between  test  and  rtandard  conditions  if  the  take-off  accelera- 
tion is  very  low  (for  example  if(Vr/2g  Sg)  is  less  than  0.1  in  consistent 
units) . For  such  cases  any  general  method  of  standardization  other  than  one 
based  on  Interpolation  between  test  data  is  liable  to  be  inaccurate,  and  care 
should  be  taken  either  to  make  tests  under  near  standard  conditions  or  to 
cover  a large  enough  range  of  test  conditions  to  j^ermit  reliable  interpolation 
or  extrapolation. 

The  methods  assiime  that  the  lift  coefficients  under  test  and  standard 
conditions  are  the  same  both  at  take-off  and  at  50  feet.  This  assumption  has 
been  made  on  general  grounds  rather  than  from  empirical  analysis. 

The  assumed  propeller  characteristics  should  be  checked  from  time  to 
time,  particularly  if  unusual  installations  are  to  be  tested.  No  method  has 
been  proposed  by  which  bo  estimate  the  thrust  corrections  for  propellers  suffer- 
ing marked  compressibility  losses  as  reliable  generalized  data  were  not  to  hand 
at  the  time  of  writing.  The  propeller  tip  Mach  number  should  be  checked  if  it  is 
expected  to  be  high  (for  example,  with  an  ungeared  pTOoeller  of  large  diameter) 
and  special  consideration  given  if  it  exceed.s  unity. 

From  the  brief  consideration  given  them,  it  appears  that,  in  some  cases 
at  least,  non-dimensional  methods  nay  be  an  attractive  alternative  to  the  above 
methods,  requiring  no  numerical  assumptions  about  thrust  changes  whether  of  a 
propeller  or  a turbo  jet  engine.  This  type  of  method  is  being  further  considered 
as  a separate  project. 

CONCLUSIONS  AlID  RSCOiC/'vJDATIONS: 


Correction  formulae  have  been  derived  which  are  easy  to  use  and  apply,  with 
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suitable  niiraerical  constants,  to  airplanes  with  any  type  of  prop\ilsive  system. 

Generalized  numerical  constants  are  proposed  for  insertion  in  these 
formulae.  The  experimental  data  available  supports  these  constants  but  is 
insufficient  to  check  them  completely.  However,  the  propeller  assumptions 
should  be  checked  occasionally. 

Non-dimensional  methods,  wtiich  show  promise  of  being  a convenient  alter- 
native in  some  cases  at  least,  are  being  investigated  as  a separate  project. 

It  is  recommended  that  the  froposed  methods  be  used  for  standardization 
of  fut 'ore  take-off  test  data. 
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APPRHBIX  I 


Approximation  of  the  Mean  Excess  Thrust 


INTRODUCTIOM; 

The  excess  thrust  and  hence  the  acceleration  decrease  with  Increase  of 
airspeed  until  at  take-off,  they  are  about  80^  (for  jet  airplanes)  or 
(for  pro3jeller  airplanes)  of  their  initial  values „ The  slope  of  the  curve 
can  usually  be  approximated  closely  ly  assuming  it  to  be  linear  with  regard 
to  either  speed  or  speed  sqiiared.  Bepresentative  cases  are  shown  in  Figure 
lOo  We  will  show  that  in  either  case,  a figure  of  0„75  Vj  for  T will  give 
an  acceleration  very  close  to  the  true  value  over  the  required  range  of 
slopes.  This  being  so,  this  value  for  7 should  be  satisfactory. 


ROTATION: 

Symbol 

D 

C 

7 

f 


V 


7 


di 

^0 

~cL 


Definition 
total  resistance 
value  of  D when  Y = V 
total  net  thrust 
value  of  F when  V *»  7 

constants  in  acceleration  - speed  relations 
distance  to  attain  speed  V 
distance  to  unstick 
time 

true  speed 
take-off  speed 
V/Vj 

2 , 

value  of  7 at  which  F - D = WY^  /ZgS 
(paragraph  2 of  main  text) 

acceleration 

acceleration  at  zero  forward  speed 

2 

mean  acceleration  = (Y™  /2  S ) 

& 
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Excess  Thrust  Linear  With  Re^rd  to  Speed:  We  will  work  in  terms  of  the 

acceleration  o^,  where 


d.  = (E  - D) 


We  will  write 


oL  = c/ 


(1  - I^v) 


S 

r'  e 


Then  we  have  S « 

e 


dS 


( M / ^' 

j \ dt  / dt 


dV 


« 

. ( 

J 


YdV 

d 


V 2 


r 

I 

\ 

J 


vdv 


1 - r^v 


_T 

777 


0 0 


d(-V)  ) 

\ dCij^v)  -f  1 4 (-rj^v)  V 


^1  ^ 0 


log*,  (1  - r,  ) 


(Al-1) 


(Al-2) 


(Al-3) 
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Let  US  denote  the  mean  acceleration  • which  would  produce  the  take-off 
speed  Vij  in  the  ground  roll  distance  Sg,  'by~ot  . Then 


^ ~ 2S 


(AI-J4.) 


But  from  equation  (Al-3) 


JIL  a - 


^ 0/ 


Q .^1 


Ti  4 logg  (1  - Tj^) 


(Al-5) 


Hence 


^ ^=^0  ’*1 


Ti  4 log^  (1  - r^) 


(Al-6) 


If  an  assumption  V = 0,75  is  to  he  satisfactory,  c/  must  he  sensibly 

equal  to  the  acceleration  -'^0.73  speed.  The  rntio  0/ q Jibs  been 

computed  over  a range  of  rj^,  with  the  results  tabulated  below,  ^ 

0.2  0.4  0.6  0.8 

^0.75/^''  °'9?  1.03 

# 

It  will  he  seen  that  the  above  assumption  is  satisfactory  over  the  likely 
range_of  IS,  The  approxi nation  gives  a good  estimate  of  oi  and  hence  of 
(P  - D).  Also,  as  the  ratio  o'.  0.75/1^''  varies  very  slowly  with  it  will 

also  give  a good  estimate  of  the  cmnge  in  (E  - 5^  between  test  and  standard 
conditions,  even  if  the  test  and  standard  values  of  r^^  may  differ  appreciably. 

Acceleration  Linear  with  Regard  to  Square  of  Speed;  In  this  case,  we  will 

write 


^ ” <^o 


(Al-7) 


Then  as  before 


c 


YdY 

c( 


I 


0 
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But  we 


Bence 


But 


Hence 


3 JL. 


vdw 
1 - T2 


2^0  ^2 


d(r2v2) 

rri:^ 


2o( 

0 2 


log^  a 


r^T^) 


n 


2o/  rp  ” ^2^ 

0 d 


(Al-8) 


also  have,  as  before,  (equation  (Al~4), 

^ = !i! 

2S 

g 


h:  «,  c/ 


0 log^  (1  - rg) 


0.75  = „ 


[ 1 - (0.75)^  r,  \ 


d - 

0.75'^ 


1 

*•2 


1 **  (0,75)  Tg  f logg  (1  ~ Tg) 


(Al-9) 


(Al-10) 


(Al-11 ) 
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cL  Q 75/^  has  teen  computed  for  this  case  also  over  the  likely  isuige  of 
T2t  with  Ine  reeulte  tabulated  below: 

T2  0.2  0.4  0.6  0.8 

0/0,75/^  0.99  0.99  1.01  loll 

It  will  be  seen  that  over  the  likely  range  of  T2  (around  0.2  to  0.6)  the 
ratio  is  again  very  nearly  unity,  and  that  ^ 0.75  approximate  "c^  closely. 

That  is,  the  excess  thrust  at  0.75  i®  » close  approximation  to  the  mean 
excess  thrust. 
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APPENDIX  II 


Derivation  of  Perfonn&nca  Baductlon  Equations 


NOTATION 

Symbol 


"^T.O. 

D 

f 

K,  K«,  K",  K'" 

L 


'50 


w 

A 

cr 


Definition 

drag  coefficient  during  ground  roll 

lift  coefficient  during  ground  roll 

lift  coefficient  at  take-off 

aerodynamic  drag 

total  resistance  at  mean  speed  V 

total  net  thrust  at  mean  speed  7 


(v"  0 “ "^t"^  / 2g 


50 

constants  of  proportionality  used  temporarily 
and  defined  locally 

aerodynamic  lift  during  ground  roll 

gross  wing  area 

mean  speed  during  phase 

~ 0,75  7ip  for  ground  roll 

- V^Q  for  air  phase 

true  speed  at  take-off 

time  speed  at  50  ft. 

gross  weight  of  airplane 

coefficient  of  rolling  friction  of  tires 

relative  density  of  air  - local 
density /standard  sea  level  density 


Subscripts  't>  and  ’s‘  denote  test  and  standard  conditions  respectively. 
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SerlTatlon  of  Equation  (^l)t  We  have  (equation  (2-2)  of  main  text) 


_ n 

oc  53 


F - D 


(A2-1) 


Hence,  if  suhscripts  't'  and  's'  denote  test  and  standard  conditions 
respectively 


Zj 


~ Ps 

^•t-  ^ 


!t  £% 

w cr^ 

8 t 


^ - °t 


^■t  “ ^t 


(A2-2) 


Now  5 is  the  total  resistance  at  speed  V » 0,75  We  have 


D « (W  - L)  4 D 


a 


where  1 - aerodynamic  lift 

= aerodynanic  dreg 

yV-  — coefficient  of  rolling  friction  of  tires 
&nce,  if  Cjj  and  Cj^  are  the  drag  and  lift  coefficients  during  the  ground 

e g 

roll,  Syj  is  the  gross  wing  area. 


D = 4 Sy  (C  ) 


S' 


g 


yuW  I i (0.75^)  (Cn  - //Cl  ) 

6 g 


(A2-3) 


i 


36 


TECHNICAL  NOTE  H-12 


If,  furthsr,  Cr  la  the  lift  coefficient  at  take-off 

T.O. 


W 


St 


S 


w 


Subs ti tut iD(g  for 


from  (A2-4)  into  (A2-3),  we  have 


D 


yuv  4 


(0.?5)  W 


Cd  •yiCi 
Ct 

^T.O. 


Hence,  aaeuming  Cq  , C^  , Cj,  and  n constant,  we  have 

iS  s 0#  ' 


II  = 

h ’"t 


°t  **  “s  V 


Is. 

Substituting  for  Ug  from  (A2— 6)  into  (A2— 2),  we  thus  have 


H = 


fis 


% <^t 


*•  n - \ 


I't-Kt 


Ss 

'8 


w„  rr'i 


^t  _Zs 


^8  Ft-°t 


4 1 - =---z: 

- Dt 


From  equation  (2«=’3)  of  the  main  text,  we  nay  deduce  that 


T.  - IT.  = W* 


2g  S 


gt 


(A2-4) 


(A2-5) 


(A2-6) 


(A2-7) 


(A2-8) 
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Hence,  we  may  rewrite  equation  (A2-7)  in  a form  more  directly  related  to 
experimental  data,  as  follows: 


2g  S 
Wt  V 


et 

“Z 

T 


(A2-9) 


or 


2e  S, 


«t 


(A2-10) 


Derivation  of  eouatlon 
derived  somewhat  similarily. 


Equation  (ikJj ) of  the  main  text  may  he 
We  have  (equation  (2-S)  of  main  text) 


s 


50  V Nr  50 
J - D 50 


(A2-11) 


and  hence. 


- Os  V ^0 

**  ®t  ^8 


(A2-12) 


We  have  assumed  that  the  test  and  standard  lift 
both  at  take-off  and  at  50  ft.  Hence 


coefficients  are  the  same. 


(A2-13 ) 
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2 

2 

2 2 

''50,  - 

Tt.  . 

'^8 

^50t  " ^Tt 

Hence,  we  have  h =»  ^ 

Vg  eg 

^8 

2g 

W 

o'. 

^ a 

h 

(A2-14) 

**  w 

t 

<T3  n 

Also,  If  the  drag  and  lift  coefficients  at 

the 

mean 

air  speed  V 

are  constant 

i ft  Cj) 


Sy  ^L 
ft  "'^t  ^w  ^L 


^ fa  ^Te"  Sw  C,  ^ 

^ A ^Tt  ^W  ^L  ^ 


(A2-15) 


Hence, 


W 

B 


(A2-16) 


Substituting  from  (A2-14)  and  (A2-16)  into  (A2-12)  we  have 


hvt  + ^0 
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h^t  +50 


h,^4  50 


w 

8 


4 50 


^,  + 50  4 ^ ^ 


Inserting,  this  hecomea 


Vq  O'  ♦ 

+ 


V 4 50  + S 

X 


(A2-17) 


Derivation  of  Boxmtlons  (4~3)  and  (^3a);  We  have  (equation  (A2-1) 


say 


(A2-18) 


Now  hy  definition,  as  U defends  on  V only  (eqiiation  (A2-5)  and  hence,  S_ 
varies  only  with  W,  ex' and  J 


W ^ ^ • 21  do^  ^ ^ ^ 

Sg  Tw“  w Sg  ^<r  o'  Sg  p 


(A2-19) 


But 


■5W 


s 


wf.  1 ^ D 

(F  - D)^  ^ 


2X 


wf  1 

F - D 


+ K 


jd  1 D 6 D 

^ F - D F - D ^ 
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That  Is 

W_  =:  2 + P ■ 51  2_D  = 2 4 g 

Sg  ^ 7 - D D ^ ^ 7 - D 


(A2-20 ) 


Since 

D oc  W - k'  W say 


^ D _ V- 1 — H 

“ W 


W Ji_D  3 I 

^ 1>V 


(A2-21 ) 


Also, 


O' 


'hir' 


■r  K 


1 


7 - D 


S 


g 


o' 


(A2-22 ) 


Further, 


S F (7  - D)2 


F - D 
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Sg  ^ f F - D 


(A2-23) 


Substituting  from  (A2-20), 


(A2-22)  into  (A2-19),  we  have 


S 

€ 


( 


2 4 


D \ ^ _ d£l 
F - D ) ^ 


(A2-24) 


This  equation, being  in  differentials,  is  exact.  To  apply  it  to  our  purpose 
we  approxinate  by  substituting  A Sg,  for  dSg,  dV  and  so  on,  giving  the 

approximate  equation 


her 

<r‘ 


(A2-25) 


Writing  in  observed  base  values,  this  becomes 


Act  _ F A f 
<^t  F - D F^ 


(A2-25a) 


When,  as  is  usual,  the  weight  correction  is  small,  it  will 
and  will  introduce  negligible  error  to  substitute  Wg  for  W^, 


be  more  convenient 
writing 


AS 


et 


2 4 


h<r 

o't 


~Z_  ^ (A2-25b) 

F - D F^ 


An  alternative  form  is  obtaix»d_by  Integrating  equation  (A2-24) , assuming 
.the  coefficients  of  dW,  diT  and  dF  constant,  giving 


log* 


- 1 2 4 :r-^)log-  W - log  r - log  F 

€ \ F ••  D J ^ ® F-D 
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That  is. 


- w 


/_ 

_F \ 

^ T _ — J 

^ F - D ' cr 

f 

\ F 

- D > 

/2  + « \ - 1 

- 

+ D \ 

^ T - n ^ O' 

f 

F - D 

and  hence 


“■g 


W. 


(2  + =^) 

\ F - D / 


-(r 


O",. 


\ 


^8  \ P9 


F - D 


(A2-26) 


Derivation  of  Equations  (^5)  Rnd  (^5a): 
main  text  and  (A2-11)  of  this  Anpendlx). 


We  have  (equation  (2-11)  of  the 


5OW  hy  50 
^a  **  f _ D 


We  have  already  seen,  while  deriving  equation  (2-12),  that  (equations  (A2-14) 
and  (A2-15)) 


W W 

h^oc  = K • ' say 


U oc  W = K ' " W say 


Hence, 

^ hy  ^ jj, , ^ hy 

"Fir  ~ ~ ~ V 


W ^Nr 

r 'vr 

V 


= 1 


(A2-27) 


Similarly, 


W 9 D 

T ^ 


1 


(A2-28) 


I 
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21  2^ 


= -1 


(A2-29) 


We  may  regard  S as  dependent  on  W,  F and  cr'  only,  and  write 


Now, 


dS, 


O" 


a*  + ^ P.%  il-  + I-  ^ (A2-30) 

S d W W S„  ^0-’  ^ S df  j 

a a a 


W '^a  dW 


as 


a - 


a w 


^0 Nr  50  SOW  50  ^ n 


F - D 


50 


(F  - D) 


? 50  TV 


sow  1 ^ Nr 

+ 50  TT 


<0  w 


a „ 


5QW  \ + 50 


F - D 


50 


1 J.  D X ^ iL  ^ ] 

y - D D 1\,  4 50  ^ 


= S 1 + 0 JL  2^  + N ( 

F-D  U h^4  50  h c^W  S 


Substituting  froa  equations  (A2— 27)  and  (A2-29)  and  dividing  both  sides 


by  S , we  thus  have 
a’ 


^ ^a 

s Tw 


= 14 


F - D 


4 50 


(A2-31 ) 


44 


TECHNICAL  NOTE  S-12 


Further, 

^ _ 50W  JL.  ^ K 

€>0~  F ~ D 5C 


^ _ 50¥  hy  4 50  ^ 3 ^7 

^ '5F'  " 7 _ i 50  4 50  hy 

u s ^ n 2iV 
a h^  + 50  hy  Scr 


Substituting  from  aquation  (A2-29)  and  dividing  both  sides  by  So.we  have 


c;  0-  h^  4 50 

(A2-32) 

Also, 

_ -iow  ^ ^ 
b f (F  - Dr 


SOW 

hy+50  1 

F - D 

50  F „ D 

Sa 

F - 3 

Hence, 

L 

_ 

- —L 

- = - 1 _ D 

(A2-33) 

S 

a 

<)  F 

F - 

D F - D 
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Sulistitutlng  from  equations  (A2— 3^)  thru  (A2— 33)  into  equation  (A2— 30) 
we  thus  have 


- /i  4 ° 4 \ di 


dn 


4 50  ^ 


- ( 


1 4 # 

F - D / F 


(A2-34) 


This  oquation,  like  equation  (A2-24)  for  the  ground  roll,  is  exacto  As 
in  that  case,  we  may  now  approximate  and  write 


As. 


= 14 


hy 


F - D 


hy  4 50 


hy  6<r 

h 4 50  o't 


^(14  _J_  ')  A/ 

X F - D / F 


(A2-35) 


For  small  weight  corrections  (say,  less  than  55^)  It  is  again  permissihle  to 


write  W_  for  Vy, 

B w 


Alternatively,  we  may  use  an  equation  analogous  to  equation  (A2-26).  This 
is , by  analogy 


1 4 4 N 


F - D hy  4.  50/  \hy 


/ (1  4 -fi  ■ \ 

^hy4  5o;/-  +F-I^ 


(A2-3 
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APPENDIX  III 


The  Transition  Phase  After  a Take-Off  at  the  MlnlTOm 

Safe  Speed 


INTRODUCTION; 

If  the  airplane  takes  off  at  the  mininniin  safe  speed,  it  has  at  that  moment 
no  excess  of  lift  over  weight  with  which  to  change  the  direction  of  motion. 
However,  as  the  airplane  accelerates  the  lift  available  without  exceeding  the 
maxiimim  safe  lift  coefficient  increases,  and  it  becomes  possible  to  pvill  the 
airplane  up  into  a climb.  This  maneuver  can  be  continued,  using  the  maximum 
safe  lift  coefficient  throughout,  until  the  airplane  either  reaches  50  ft., 
or  the  angle  at  which  it  can  climb  steadily. 

These  maneuvers  give  an  idea  of  the  likely  increase  in  airspeed  between 
a minimum  speed  take-off,  and  the  30  ft,  screen.  Both  are  considered  below. 


NOTATION; 

Symbol 

h 


T- 

s 


00 


Definition 

- v/)/2g 

distance  from  take-off  to  50  ft, 

time 

time  to  attain  steady  climb  from  take-off 

time  to  50  ft,  from  take-off 

true  speed 

take-off  speed 

speed  at  50  ft. 

( thrust-drag )/(weight  of  airplane) 
angle  of  climb 
2g  S /v/ 

2g/V5. 
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The  Equations  of  Motion;  We  will  aoevune  that  the  thrust  and  drag  renain 
constant  throughout  the  transition  from  take-off  to  steady  climb.  This  is  a 
rather  eevere  assiimption  for  those  cases  for  which  the  transition  continues  up 
to  around  50  ft.  altitude,  but  is  necessary  to  permit  a reasonably  simple  treat- 
loent. 


Suppose  that  at  a given 
instant,  the  airplane  speed  and 
angle  of  climb  are  V and  ^ . With 
the  above  assumption  of  constant 
thrust  and  drag,  the  excess  thrust 
will  be  constant,  equal  to  W say. 


Then 


V 


r 


c{y 

cit 


U - jr ) 


(A3-1 ) 


V 


normal  acceleration 


(A3-2) 


from  consideration  of  the  lift  available. 
Differentiating  (A3-2)  we  have 


di  dt 


-{-  (/-Ik.  = 

' ' dt- 


T 


dV 

d-t 


V di  3 


(A3-3) 


Substituting  from  (A3-I)  and  (A3-2)  for  7^  and 

“t  d* 


we  then  have 
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1 


./  0 


1 


? 


(A3-4-) 


approximately 


(A>5) 


Tills  equation  indicates  a sinusoidal  motion  about 


We  vill  follow  this  until  we  reach  either  the  an^le  at  which  steady  climb  is 
possible  or  52  ft.,  whichever  occurs  first. 


As  a solution  to  (A3*”5)  we  can  write 


y 


(A3-6) 


since  ^ is  initially  zero  when  t is  zero 


cl  i- 


-Z 


ol  (.0  Scot  = CO  (/ *5  ) 


Hence 


00  r 


(A>7) 


V 


-r 


Steady  Climb  Attained  Before  50  ft.:  If,  now,  we  further  aesunie  that 

the  possible  steady  angle  of  cliab  ie  equal  to  ■A  i.e.  that  the  excess  thrust 
ie  still  unchanged,  we  see  that  the  airplane  attains  the  steady  climb  angle 
when 


u 


0 


w 


t 


e 


W 

T 


(A3-6) 


A9 
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c 


If 


■lU 


it- 


IXiring  this  time,  we  have 


distance  covered 


t V 

T' 


Vr  ir 

S'  HIT 


heigjit  gained 


t 


- V c,/ 

T 


(A>9) 


t 


CJ 


-"o 


=-  4-1 


U3-10) 


Hence  ve  have  total  distance  to  50  ft.,  S^,  is  eqxjal  to 


~ V A 

T 

■2 

> 

] 

4- 

Vr 

11 

S"o 

“ tr  / 

S' 

sJI 

3 

Vr 

’ ( 

^ o 

1 — — 

^ “rr 

\ 

) 

S 

"IT 

/ 

% 

a rs 
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~ oC 


The  speed  on  the  steady  cliab  Is  then 


v.„ 

+•  yv  = 


.t-c 


V,+ 


av 


dt- 


df 


V 4- 
-r 


co^  t-j't*  ■•{'t 


V.  + 


— sa.  ut 

k) 


tc 


V H_  c/cL.  X 
-^  0 


= V- 


u 

rx 


Por  the  kinetic  energy  increase  between  take-off  and  50  ft.,  we 


i 


i 3 

Vr^~  I/,-  _ 


^3 


</ 


wl 


approxinately 


But,  we  also  hare,  considering  the  total  energy  increase, 

^ rc  = _v-  ro 

= c/  s„ 


{A>11) 


(A3-12) 

have 


(A3-13) 


(A3-14) 
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Dividing  equation  U3-13)  V ®q«ation  U3-l^),  we  have 


-gy  ^ J_  _VL 

ar^« 


(A3-15) 


In  the  above  analyslti  any  Increase  in  induced  drag  due  to  curvature  of 
the  flight  path,  Is  Ignored.  It  ie  shown  in  Appendix  II  that  this  increase 
will  increase  the  air  distance  "by  less  than  about 


I Oj.i 


say 


Thus,  this  effect  will  change  the  transition  distance  by  less  than  15^. 

As  the  present  analysis  is  approxiaate  only,  being  designed  to  indicate  the 
order  of  and  shape  of  the  effects  investi^ted.  this  ie  considered  good 
enough. 

Transition  Inconnlete  at  50  ft.:  From  equation  (A3-10)  the  height  gained 
during  transition  to  steady  clinb  will  be  exactly  $0  ft,  when 


50/oC  = 


Substituting  from  equation  (A3-11). 


ir 


from  equation  (A3-9) 
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TT 


1 * d« 


ir 

a Id. 


•Ta  g.  Sq 


Under  these  conditions,  ve  here  (actuation  A3-‘15) 


4? 


w 


ro 


= 04if 


For  higher  valiies  of  Vj^/^  J2g  transition  is  Incomplete  at  5 
At  the  50  ft,  point,  ve  then  have 

50  B height  gained 


■so 


approximately 


= j (l  - toi  Cjt 


L _L  Sw^vut 

U CJ 


= V^o(t„(l  - 


3 vw 


(A3-16) 

(A3-17) 

ft. 


(A3-18) 
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Sut  tha  air  dittanee  Is  approzitttel;  glvsn  ^ 


(A>19) 


Also,  from  aqtiatlon  (A3-?) 


V 


-r 


Hence,  ve  have 


50  » r/ 


II 


tXL. 

0 


] 


. (1- 


(A3-20) 


(A3-21) 


Considering  now,  the  speed  at  50  ft.,  we  have 


at 


.tsT> 

I ^ 

Q 


ut“^ 


H 2^ 


♦ 


d \ 


$4 


(A3-Z2) 
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A 


- v; 


V-r  f 

3'  ^ 


,5- 


Si/U  ^ 


But  4 50 


total  ooergjr  Incroase/lf 

ol 


approximately 


from  equation  (A3-22) 


Hence , 


v; 

■H  3 


sJn  T 
T' 

Equation  (A3-15)  can  now  be  written 


I Sq 


(A3-23) 


TT 


(A3-24) 


Equation  (A3-24)  appliee  for  walues  of  down  to  • after  which  equation 
(A3*'23)  should  he  need, 

by  2 

Using  tbsea  relatione  it  plotted  againet  Yj  /g  in  Figure  lA. 
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APPENDIX  IV 


Correction  of  Pro'oeller  Thrust  to  Standard  CondltionB 


NOTATION; 

Symbol 


d 

P 

P 

J 

J 

Q 

N 

P 


Q 

V 


V 

V 


Definition 

lift  coefficient  at  take-off 

p/^n^  d^ 

Q/ p n^  d^ 

P/pn^ 

value  of  Cj  when  V a ¥ 
propeller  diameter 
thrust 

thrust  at  mean  speed  V for  phase 

¥/nd 

V/nd 

propeller  rotational  speed 
engine  rotational  speed 
power  input  to  propeller 
ambient  air  pressure 
torque 
true  speed 

true  speed  at  take-off 
true  speed  at  50  ft, 
mean  speed  during  phase 
airplane  gross  weight 
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HOTATIQH  (CONTI tOJKD)  : 
Symbol 

'U. 

t 


Definition 
propeller  efficiency 

value  of  fi'ivan  by  simple  momentum  theory 
air  density 

air  density/ 3 tnnd8,rd  Sea  Level  density 


Subscripts  0i  9.  t denote  to  static,  standard  and  test  conditions  respectively, 

Constant  Sneed  Propellers!  If  there  are  no  conpressibil ity  effects  on 
efficiency  we  may  write 

= f(Cj.,.  J) 


whe  re  ~ P / n^  d"* 


J = V /'  nd 

d = propeller  diameter 


n = prop>''ller  rotational  epeod 


and  a consistent  system  of  units  is  used.  That  is,  a is  a function  of  Cp 
and  J only.  Hence,  by  definition, 


d ( 4- 

dC  t 

V 


(A4-1) 


III  - Sj:  4.  _ir' 

n 4 < '>(  "J)  : J 

' \ i'  r* 


We  also  have,  by  definition 
F = V 
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(A4-2) 


further, 


r 

r ^ 


r 


^ V'  --^■'^  ^ ^ ^ 


where  T'  - relwtive  density,  proportional  to  P 

N = engine  speed,  proportional  to  propeller  speed 


Siniilarily 


i'/.-TECHKICAI.  NOTE  K-12 

[ 

Vdn 

dJ  '= 

[ 

nd 

“ X 

n d 

r 

V 

/ dV 

dn  \ 

I 

nd 

W “ 

n ) 

I Ms 

iL 

dn  - 

y 

1 

dN 

1 J 

V 

"*  n 

V 

N 

(A^5) 


I 

I 

I 

I 

I 

I 

I 

1 

I 

1 

I 

I 

1 

I 


Substituting  from  (A4-4)  and  (A4-5)  into  (a4-2)  we  have,  after  regrouping, 


C p t)  VI  p 


n i j ' 'q  -jy~  (A^t ) 


Substituting  from 


(A4— 6)  into  (A^3)f 


we  have 


V • 

4- 

?.:i. 

\ 

\ 

. \ 

d V 

'T> 

^ r 
"( 

- f 

0 

f ^ p 

J_  £n_  \ 

V 

\ 

1 ! 

.'V 

4- 

fj. 

ln- 

i 1 

■iv 

j ■ 

1 1 
/ 

V 

(a4-7) 


Considering  now  the  mean  thrust  F in  each  phase  at  speed  V,  we  have  for 
the  ground  phase 


V - 0‘/!r 


c 7^'/ 


W' 


/.L 

> -t 


i C 


•:>C 


i ^ 
v/  0^ 


(Ah-8) 
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and  for  the  air  phase 


V - V„  = -rfrv- 

\(  ■>  ) " i-ro 


In  the  first  case 


av  =• 


-L  ..A<r_  . 

A -f  .r-  -.1 


- H I 


J V 


1 


B;y-  inspection  of  eq’jations  (A4-6),  from  which  the  above  equation  ’was 
deduced,  and  equation  (A4-9)i  it  will  be  seen  that  the  sane  ralation  will 
hold  for  the  air  phase.  Hence,  substituting  in  (AV-7)  we  have  for  the  rrsean 

thrist  F at  speed  V, 


(■V  \ d 


^ , ! r 


/ 3 iz.  11..  . . A 


I n :L- 


('  * T ^ ) f 

■ ( ~ it,  i 

f % ^ n 

V.  ^ T'  •" 

- ...  , 

A it  fc- 


1 » J 


jL  \ Hw 
V 'J  i / tv 


J"  <7-  ^ "7^7“ 
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ApproxilUilting , we  may  therefore,  write. 


ijf 

T 


V. 


&N/ 

IV.' 


(A^M2) 


Values  of  Derivativea  of  PropeJier  E’f -"1  ci eric.v  : huch  of  the  ener^^^  loss  in 

the  propeller  at  take-off  consists  of  kinetic,  enerify  transmitted  to  the  air  flow- 
ing; through  the  propeller  disc.  It  is  ,^1  he  ref  ore , possible  that  simole  nomontum 
theory  may  f ivo  some  idea  of  how  the  nropeller  will  behave. 


If  ^ is  the  propeller  efficiency  ^iven  by  accounting  only  for  this  lost 
kinetic  e:ier^  (the  "Fronde  Efficiency")  it  is  shown  in  Chanter  XV  of  keferencn  1, 
tttfit 


DlfferGntlotint  this  equation 


a 


..L) 


.J.'Cf 


(aU-13) 


Cf> 


A J 


-t , 


1..  IjL  / -S.J!  _ ...dl.  j 


Dividing  by  equation  (Ah— 13)  have, 


1 - •(,  j 


iih.  _ -JA. 
c ,,  J 


or 


3 


j 


1 :iCy. 


\ 3 


C, 
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J 


-Hr. ) (A4-iif) 
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Hut  by  definition 


Cl 


(V 


dC 


C ')) 

d 3 


I J» 


■fjj'U.  ‘1^ 


V-T 


V. 


+ 


j 


(AA-i5 ) 


ibe  coefficients  of 


dCt 


and 


dJ 


in  ttcuntions  (AA— lU)  and  (Ai^l5]  nuai 


be  identical,  so  we  have 


^ I 
1 


3 - .>!.•>  I 


■1' ) 


....XL.... 

^ ■ ( y 


(AA~17) 


In  Figure  3,  the  curve  for  Aj  Is  that  given  by  aesviriing  that  equation 


(A2-17)  applies  to  the  actual  efficiency  y>  o Computed  values  of  V~ ' 

C C 

for  a wide  range  of  propellers  agrees  with  this  curve  to  within  G»2,  which  is 
near  enough  for  our  purposes.  Also,  in  the  curves  for  Ap  and  Aj,  the  base 
lines  (not  labeled  for  particular  J)  are  derived  from  equations  (A2-16)  and 
(A2-17).  The  branches  labeled  for  particular  J are  mean  curves  derived  from 
computations  for  a wide  range  of  propellers,  based  on  liACA  data. 

Fixed  Pitch  Propellers:  It  is  stated  in  Section  7,3  of  the  me-in  text,  that 
it  is  aesumed  timt  for  fixed  pitch  propellers  in  the  take-off  range 

(a)  the  torque  coefficient  C.  is  constant 

(b)  the  thrust  coefficient  Cip  varies  linearly  with  advance  diameter 

ratio  J,  becoming  zero  at  ■^ive  times  the  take-off  speed. 
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First  let  us  consider  the  variation 
of  Cj,  the  thrust  coefficient  at  the 
mean  speed,  vith  J.  From  the  diagram 
we  see  that  assumption  (b)  gives 


a 


For  the  groimd  phase  J ® 0,75  hence 


oijil 

if-  X 


For  the  air  phase  we  ina^  Lako  as  an  average  value  J 


1,1  Jf  giving 


a 


(■/_ 

l" 


In  general,  there  may  be  a change  in  engine  speed  between  test  and 
conditions.  By  definition 


F 


riL  t 


'n.  :i  C •"(.!>  -h  :i 


f 


^ , •»  — / ^ 
‘-r’v  f 


i-  + J 


tUy 

N 


cUt  ) 


(A4-18) 


(Aif-19) 

standard 

(A4-20) 


(A4-21 ) 
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But  from  e(iuBtion&(A4-18)  and  (A4-19) 


0'\9, 

J 


(A^22)  for  ground  phase 


ciC-, 

"cl 


C-J); 


-,  dJ 


(AV23)  for  air  phase 


Prom  eqtjatlon  (A4-5)  and  (A4-10) 


cLJ 

J 


~ 


.sLtC. 

A/ 


_ j_  _^U  ; 
i w 


(.T' 


div 

u~ 


Hence  from  (A2-22)  and  (A2-23) 


C... 


■9 


+•  0 09  - £?./!? 


/V 


for  the  ground  chase 


±Lr  _ 


O'llr 


jibL 


Hii' 

o u.  -- 


"■'77 


for  the  air  phase 


Substituting  in  equation  (A2-21 ) we  have  for  the  ground  phase 


■iP 


dbr 


<r 


(i  '’■oCj  + 


• lej  _ c-cy^ 


V\/ 


+ l'8J  - 0. 


A/ 


• oy 


IV' 


6A 


(A4-24) 


(A^25) 


(A4-26) 


(*ii-27) 
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and  for  the  air  phase 


= M4-  „ a..v  4~"  (Ai^28) 

Correction  at  Constant  Em:lne  Speed:  If  the  engine  is  at  inaainnim  per- 

missible  speed  under  both  test  and  standard  conditions  j is  sero.  Rounding 

off  equations  (A4-2?)  and  (A4-28)  we  then  find  that  the  following  equation  may 
be  applied  to  both  ground  and  air  phases 


(A4-29) 


Approximately,  we  aay  therefore  write 


F 

t 


(A4-30) 


Correction  at  yull  Throttle:  If  the  engine  is  at  full  throttle  its 

rotational  speed  will  change  with  air  temperature.  Wo  have,  from  assumption 
(a)  of  paragraph  5.3  of  the  main  text 


— 3—7 ■■  i"  “ CO  u6  tant 

<f  'a  : L 

where  Q « torque 
Hence 

2 

Q c4  >1. 

^ ^ (A4-31) 

where  = ambient  air  pressure 

» ambient  air  temperature 
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We  will  further  as8ur.e  that  at  full  throttle, 


To 

yr. 


Comhining  (A^31)  and  (A4-32) 


P F 

J n 


A'  ••<  r 


j. 


K I., 


5>-'  S 


Ay  ^ 


T KT 


(A^32) 


d V _ 

A/  4'  rf 


(A4-33) 


ouha t i tu t i ng  in  eruptions  (AA—27)  and  (A4«2b)  and  roundinc  off,  we  iray 
write,  for  both  and  air  phases 


T, 


or,  in  the  approximate  form 


Q-l 


d \d 

v/~ 


F 


t 


i- 


■'t 


• J-l 


A yy 


(A4-3A) 


TECIIKICAI.  IlOTK  H-12 


Al'PKNDIX  V 

Correction  Formulae  When  ATO  is  Used  Part-Tirae 


NOTATION ; 


yff'bol 


f 


0? 


“e 


t 


Definition 

total  reflistance  at  s-oeod  V 

affective  total  mean  thnist 

thraat  of  ATO  units 

effective  mean  thnist  of  ATO  units 
durlntc  phase 

mean  hnsic  thrust  (without  ATO) 

F/F^ 

distance  covered  duriiiifc:  ptsise 
round  roll 

distance  covered  during;  phase  v/i  th  ATO 
©■jx!  ni  1 1 nc 

duration  of  ATO  within  air  phase 


t durotlon  of  ATU  in  g round  phase 

Vj  take-cff  speed 

Vj.^  mean  speed  during  part  of  ground  roll  with 

ATO  operating 

airtlane  gross  weight 

cK  air  density /standard  sen  level  air  density 
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£val'.ift tlon  of  fffectlve  ^>^n  Rockot  Thr-iatt  To  use  the  general  equations 
connecting;  take-off  round  roll  and  air  distance  with  mean  thrust  it  is  desirable 
to  substitute  for  tho  thrust  of  any  ATO  operated  over  part  of  the  phase,  a mean 
effective  ATO  thiniut  ass'omed  to  act  throivhout  the  relevant  phase.  To  dc  so,  we 
need  a relation  hy  which  to  approiirete  such  a nenn  effective  thrust  from  the 
tost  data. 

An  approach  which  shows  luimediote  premise  is  to  use  a mean  effective  thrust 
whicii  does  the  same  work  cn  the  airrlane.  That  is,  to  write 


where 


Fjj  =•  thrust  of  ATO  devices 
S = len£;th  of  nha.se  of  take-off 

Sp  s distance  over  which  ATC  operates  during;'  T)haee 
~ mean  effective  thrust  of  ^TO 


(A5-1 ) 


We  will  show  by  representative  examples,  that  this  approxiinfition  is  satisfactory 
for  the  ground  roll  case,  in  which  a wide  range  of  speed  and  possibly  of  accel- 
eration is  covered.  It  will  then  be  presumed  that  the  approxi.mation  it  sati.“- 
factoiy  for  the  air  phase,  over  which  the  air  speed  does  not  var;,'  much. 

The  following  examples  h?ive  been  considered: 

Basic  excess  thrust  decrensinr'  linearily  with  increase  of  air  speed  to 
(i)  of  its  initial  value 

(ii)  20;')  of  its  initial  value 
with  ATO  fired  et 

(i)  20'>>  of  take-off  speed 

(ii)  80/b  of  take-off  speed 

The  ass’uned  ATO  thrust  was  eqxial  to  one-half  of  initial  static  thrust.  The 
mean  excess  thrust  was  corrouted  using  equation  (A5-1)  and  the  ratio  of  the  actcal 
ground  i*oll  to  that  given  by  tho  relation 


~ X (moan  excess  thp.ist) 
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has  been  computed,  with  results  as  follows: 


Bfislc  Thrust  at  T.Q,  ATO  Elrlnf'  Sineed  AprroxlnRte  Urcund  Roll 

Basic  Static  Thrust  TO  Speed  Ex/i.ct  Ground  Roll 


0.8 

0.2 

1.003 

0.8 

1.006 

0.2 

U.2 

i.ck:.4 

0.8 

1.06 

It  will  be  seen  th£i  t the  error  is  only  appreciable  in  the  extreno  case  in 
which  the  baeic  excess  thrust  falls  off  very  sliurply  and  the  ATO  is  fired  rather 
late  in  the  run.  So  severe  a fall  in  basic  excosr  thrust  would  only  occur  with 
an  overloaded  propeller  airplane.  Kven  ti'.en,  the  error  is  not  very  lar^^  for 
purrioses  of  data  standardization  end  nay  be  accepted, 

Evaluation  of  Chu:n,'0  in  Ground  Roll;  From  equation  (A5-1),  we  have 


r 

1’ 


f V t . 


(A5-2) 


1 


where  = mean  true  speed  during;  -part  of  rhase  during  which 

ATO  Is  operating 


tp  = dumtlon  of  ATO  during  phase 


g 


Ass'.'.'.iing  Fp  constant,  we  have  for  the  ground  phase 
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We  will  now  fipproxi  iw.' te  nnd  nssumo  that  is  proportional  to  • 

This  will  be  true  to  the  first  order. 

Then 


__  cLvJ 

\j  ^ W 


(A5-^) 


If  J'  is  the  total  mean  thmst  and  the  mean  thrust  of  the  basic  power 

plants,  we  already  }iave  (equation  (A2~24)  of  Auoendix  II). 


' ^ ^ 1 * 
“ (2.  + - 
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Substituting  from  (A5-^)  and  (A3-6)  into  (A5-3)  we  thus  have 


^ „ / 2 I'l" 

/■-,  ^ - i>  J V,' 


t .'i . 

-f.  ... 


I ! 


r,:  .<r 


-lb/ 

vV 


A r dr 

...  -P- 

li  . 


44 

t , 


■Y{\  t 
I V c - o 


i fv  T 


___D  \ i W 

’ -u/  V 


+ i 


\ 


1 .. ^ 


Hi 


r -Tf 


B 
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Ha  nee 


cLr 

T 


d F,^  ' -t  I'  (, 

f f 


! \ “f“ 


Suts  ti  vatirif;  into  eciwtion 


(A5-5)  we  hfive. 


(A5-?) 
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Writing  = = = 0,3t  as  Is  prorosed  in  Section  S of  the  imin  text,  and 

F - D . ' 

F 

writing  A for  etc.,  and  (R  for  ~ this  becomes 

* R 


! L-. 


- d‘7 

--  I J 


1 ii'W- 


CT'. 


<K  ' 1. 


'h  -f- 


\ af,: 
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A?p--:ymx  vi 


Effect  on  Air  Uistnnco  of  t;urvature  of  3'lL‘~ht  Path 


P-THOXCTIOi:; 


The  nir  phase  begins  v/i  th  the  ainuane  innvine:  parallel  to  the  rariway  arxd 
ends  with  it  climhinf;  at  an  aprreciahle  mt^le,  A lift  in  excess  of  the  airplane 
weitjht  must  be  produced  to  bring  aoout  this  change  of  the  direction  of  motion, 
a lift  which  will  result  in  an  increased  ind;ced  omg.  It  is  shown  below  that 
the  er.erry  expanded  in  overcoming  t/iis  indacad  drag  is  small  enough  to  .Take  any 
chonge  in  it  between  test  and  standard  conditions  neg;lipible, 

Ve  will  assume  zero  wind. 


THE  -.di  a IS; 


'bjppose  that, 
= 

n 

II 

* 

h 

V 


drag  in  straight  level  flight  M the  aurropria to  height 
over  the  .-'round 

induced  drag  uno'^r  the  a novo  condition 

norml  accele  rometcr  reading- 

height 

dK/dt 

true  cpeed 

O 

1 V"- 

H 4 ) - 


"o  = clHe/dt 


w • 

7 He 


1 y ± I ^ 
y ^ ^ t:  dt 


= F - - (n"  - DKDh 


If  Zi  Hq  is  the  loss  in  when  the  flirht  path  is  curved,  i,9,  when  n > 1 

if  the  anc-;l0  of  climb  is  SfiKnll 


A V4 


t 


K y 
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5'or  snt'.ll  eventiial  of  oliKb,  tho  total  loss  A iig  in  i-as’',l  tin^: 

from  flyint;:  for  n while  nlonf;  a curved  path  is 


where  ^ = momentary  arit;le  of  ciit-b 


Hit 


s d >;  /dt 
^ _ n_r_i. 


Hence  A H ~ 


I ^ J 


V ( ~ ' J K *. 

A-  . ) r 


Ayif  rt  frosi  chrm(T3  in  f.ro'ind  effect  coni’ Innt  ami  e'.nu’l  to  ^min 

where  V,j,jj  io  the  sooed  for  .'linlnuin  drat  in’  Henco,  we  riave. 


i_  J> 


/>  n = --  —-•••■  \ {^u  V I ) Jy 


^ I V.,, .(  > / \ 

<■  1 ■ ■ I ' i.  t ( / 


/ y. 


Apprc?:lmnte  Anonr.t  of  lose;  To  iic-.ke  a rn u^h  ao^enniiient  of  A Hg  let  us 
make  the  foliowinf:  assun.y.tions : 

a,  V , ecual  to  the  take-off  nreed  Vn 

ir.d  ' ' i 


mux 


less  ttmn  1,4 


Then 


Ar. 


V " 


Iho  excess  tfirust  nower  available  to  supplv  this  loss,  will  not  be  less 
thinn  ,'/Vyg.  The  additional  air  distance  will  therefore  be  les?  than 

y v/  A X V 


■> . 


i ' V' 
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This  diatnncp  is  no t i cos  M'?  h-ii  not,  lor.,t..  l^or  i=;xnrfp'le,  with  r 
200  ft./aoc  rnd  (Djr.in/'^)  ^ would  be  about  I50  ft,  ''or 

airplane  vi  th  a of  about  (^Q,  it  would  b«  about  15  ft.  It  is, 

i9(:itimata  v/hen  standardizing;  .'-ir  riiatar.ces,  to  t.  separate  ennai 
this  distance. 


Vj  of 
a lia'ht 
the refore, 
u 6 rf i 1 1 0 n of 
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APPKKDIX  VII 


Summary  of  Correction  Formulno 


II'P  -OXC  TI  Oti; 


A auninary  is  presented  below,  of  the  correction  formulae  proposed  in  the 
icain  text.  ?his  summary  is  on  outline  only,  ami  is  not  intenned  as  a fully 
detailed  routine. 


NO  TATI  O': : 


Sym'x’l 


Do^‘1  ni  tlon 
mea  n ♦ h run  t 

correction  to  mean  thrust  of  basic  propulsive 
systems  (used  in  s taiido  rdizirv;  JATO  take-offs) 

mean  Jet  thrust  of  tur'ro  prcoeller  en.-inos 


i’p  moan  propeller  thnjut 

Fij  JATO  th-uct 

Fj^  effective  mean  JATO  thr.ist  for  phase 


enylne  speed 

brake  j;ower  to  propeller-s 
F/Fp 

looiith  of  phase 
1 e r.#;  t h o f a i ?•  pha  s e 

len.;-th  of  cT round  roll 

distance  covered  in  nnase  with  ATO  operating'; 

lenrth  of  phase  corrected  for  vrind  and  nnway 
elope 

len^;th  of  phase  with  wind  and  sloping'  runway 
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Definition 

duration  of  air  phaae 
ambient  absolute  air  temperature 
d ura t in n of  JA TO  in  air  pha s a 

dun; t ion  of  JATO  in  t:i'oanfl  p’nase 

true  .■Toujid  speed  nt  take-off 
true  .^roind  sreod  at  y ft. 

headvlr.d 
/•ro39  weight 

relative  density  ~ {ictual  donei  t.v/atandard 
Sj  den:-. it.' 

slope  of  ruK'rfay  (lunsitivc  uphill) 

co’-  wkc:'io::S! 

Corrections  are  first  nu.de  -^or  vine,  and  n;nwny  sloyri.  Corrections  to 
conatnrit  will  not  be  irado  as  n routine,  and  will  therefore,  be  omitted 

here.  The.y  are  detailed  in  Sf^ction  b of  the  .rain  tn^t. 

t ■) ’.-rec tiens  of  the  .'to  m<l  roil  for  wind,  md  nnwa,-,  slone,  nay  be  r&do  uslnf: 
the  rel.'  tion 

(A7-1 ) 

S,  ^ -V-  t (A7-2) 

-o  'V.  "t 

l^n?  CO'^^hCTIOtS : 

Jet  Airplanes  - Hectonicni  :''or.ro.tlr.r  : In  this  case,  equ.'  tir.ns  (^-1)  and 


Correction  of  the  ul  r phase  is  rfule  b.v  ad-lirif-  the  drift 


NOTATIOi:  (CC:  TINUKD)  ; 
S;.  c-,bol 

Ta 


^ K . 


'^50 


cr 


sin  / 


I 
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(^4)  will  comuonly  be  used.  These  ere 


W, 

vy. 


i 

“'V 


M-a.  S 


U' 


■pt'  i- 


vM 

r 


FJ  + 


, ? 


( /'"-3 ) 


and 


/ 


'-n. 


(A7-^) 


It  rmy  usually  be  assuned  that  E = 0,9^  x static  thrai-t,  Intekcs 

a ver;.'  had  static  pe^-fo rnance  should,  howovor,  fiver,  special  coasider- 

ation. 


The  General  Case:  For  r.ixed  systens  not  doninantly  rropoller  driven,  and 

jet  airplanes  when  meclianioal  co  Dip')  w 1 is  not  used,  tlie  f-;onsr;i.l  ea'.uations  i‘<~3) 
or  ^nd  (^-5)  or  (^f>a)  will  be  used.  With  the  constants  proposed,  triese 

h«’r',;-e  X 


£s.o' 

' t 


. . i- , 


(A7-3) 


cr  alternatively 


O . 


(AV-3a) 


and 


. A.W 

J ' O — 


(A 


) 


or  alternatively 


W'i 


^ Wi, 


\ { 
I < 


~C;7 

\ / 


_ - I't 

i*<. 


j 


(A 


For  nwderate  corrections  either  type  of  equation  is  sa  tisfacto  , but  if 
the  corrections  are  large  (for  exanole,  \A3/S  1 <.  0.2)  the  ex]oo;iential  forrr:S 
will  be  appreciably  more  accurate. 


f 


Tf,C(n?IC/>L  !.OTE  P.-IZ 


Fixed  rltch  Prowllwra ; Corrections  may  be  nt  constant  enfine  speed  or 
at  full  throttle  here.  At  cone  tent  erutlne  speed  we  use  eqna.tions  (10-7)  ^<-nd 
(10-S),  that  is 


A o>  o 


A ... . 


S.. 


If  As/s  is  nunierically  lar^je,  it  is  f;,c.ain  preferable  to  use  the  exponejitial 
forms 


' W:.  : 


i V . I 

UTT'i 


^ , \ 


At  full  throttle  we  will  have  a correction  to  eng  ine  speed  (equ.'j tion  7-^)  • 


I ^ r, 


and  also  scuations  (10-9)  and  (10-10). 


Z-L  -h  C-5'-^- 


with  the  CO rrecr'ond inp?:  exponential  forms 


^ =:  / 

K- 


-5'4- , ^ .or 

bJ  / ■> 


S i n . / 


Reproduced  From 
Best  Available  Copy 


f 


TKC'nriCAI.  MO'TE  P-12 


/■— 

I / 1.  r 


Con-^tent  flpeed  Propellers!  Thic  section  applies  to  airplf^nes  which  are 
entirely,  or  alriost  entirely,  propeller  driven  at  take-off.  For  the  crround 
roll,  we  have  (eq’iation  (10-11)  or  (IO-I3). 


41.  S... 


wa'  * (5  i 

‘'•V  . 


..a  aj: 


raid  the  alternative  form 


Aj' 

N A / V • t ' 


For  the  air  phase,  we  distinguish  botvoer.  lic'ht  and  her'Vy  airplanes. 
For  11^‘ht  alrrlnnes,  we  have  (equation  (lC-12) 


i:  \ •'^a 


or  al ternativeli 


^,3  -ar 

! vvl  \ •'  ■ / 'V-.  ! / F'  \ 

s W'^  ) \ ) \ >~J  r~  j 


For  heavy  airnlanes  (ecuftion  (l(-l^) 


- C'S 


(A7-14) 


or  alternatively 


Br)  m 
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^•irbo  Propellorgi  It  will  probably  be  found  thnt,  ecuntions  (A7-10)  ond 
(A7-12),  or  their  nltornates»mfty  be  'used  for  turbo  propeller  airolpnes.  v 

if  approximation  is  to  be  nvoidod,  the  data  mist  be  s tandardi  i ;sln;: 

equations  (A7-5)  ®-nd  (A7"6),  To  estimte  use  eo/intion  •,?->./ 


F 


X 4- 


-fc 


iii 

T 


and  estlnnte  Fp/F^  by  equation  (7-5)i  i«e. 


..  .V.T  ,,A-r 

, ^ -p  q.-j  __ 


-V-  C'.V- 

N 


d-7 


4 j 


^ A '.'-l 


Part-Time  Assistance:  A^'ain,  equati ono '«(A7-5)  end  (A7-6)  ore  ussa  or.Rici  I 

but  wit/i  an  effective  mean  thrirt,  Ve  are  conGiderin^;  priniprily  JATO,  but.  ti-.o 
method  can  be  applied  to  other  forms  of  thrust  lioost  operated  over  a 1 ; r:  :aii 
perit.'d. 

The  test  effective,  mean  thr.ist  boost  Fj^  in  eith-.T  ‘.be  .-'round  ro.l  or  ai 
phase  riven  by  equation  (9-1) 


{A  7--: 


where 


F^  = JATO  thrust 


= distance  covered  in  phase  with  JATO  cpomtlnf 


S = total  length  of  r-hnse 


The  standard  effective  mean  thrust  in  the  air  phase  is  either  zero  (ATO  to  r.'--'- 
at  take-off)  or  equal  to  the  actual  ATO  thrust  (ATO  to  last  to  50  fto)«  The 
standard  effective  mean  thr.ist  in  the  ground  roll,  however,  depends  on  the  tii;;e 
t^  durinr  which  the  ATO  is  to  operate  in  the  air  phase  under  st.endard  con.diti 
^0 

We  have  (eqiiation  (9-7) 


t .j  =0  ATO  ceasing  at  take-off 
‘»0 

= 2Sg  /(Vg^  4 50  ft.  (A?-l 
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Hence  if  t was  the  test  duration  of  the  ATO  in  the  air  phase,  v/e  it.uf.  t correct 
the  ATO  duration  in  the  tjround  roll  by  (equ^-tion  (0-3). 


(A7-19) 


The  correction  to  the  air  phase  is  then  r;iven  by  eq^vntion  (A7-6)  using  the  total 
naan  effective  thrust.  For  the  ground  roll,  however,  we  use  equation  (9-^)-) 
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